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Abstract
Let

N
1
Sn(a) =" (2 - {ka}) . a~Unif(0,1).
k=1
We prove that
Sn ()

1
—_— = h — .
log N Cauchy (O, 277)

Thus the distribution functions converge, at every real ¢, to
1 1
— 4+ — arctan(2mc).
2w

The starting point of the rotation is fixed; no averaging in a second spatial coordinate or
in time is used. The proof first reconstructs the sum in L2, up to o(log N), as a primitive
rational shot sum. A Ramanujan-sum square-function argument removes all nonresonant
shots. The remaining signed, marked resonances converge by a continued-fraction rare-event
theorem proved here. A cylinder oscillation argument supplies the growing mark without
averaging the starting point. The resulting Poisson integral has the stated Cauchy scale.
This proposed solution was found by GPT-5.6.

1 Introduction

Throughout, all logarithms are natural, and Leb denotes Lebesgue measure. Erd8s asked [4,
p. 63] whether the random variables

N Sn(a)

1
Sy(a) = k; (2 - {k:a}) )=

a ~ Unif(0, 1),

possess an asymptotic distribution function along the full sequence of integers NV, with convergence
at every real threshold. We give an affirmative answer and identify the limit explicitly as a
centered Cauchy law.

Theorem 1.1 (Main theorem). For every ¢ € R,

lim Leb {a €(0,1): Sn(@) < c} =g(c) = % + 1 arctan(2mc).

N—oo

Equivalently,

SN itX ( |t|)
X Ee™* = —— .
Tog N = X, e exp -



Write

e(x) = exp(2mix), Y(z) = % —{z}, Viz) = {$}(12—{$})

We write

T sint
ul|p := min |u — j|, Si(x) := — dt,
Jullp = minhe =3I, Si@):= [ =

with the integrand at zero defined by continuity. The symbol nint(¢) denotes a nearest integer
to t, with the smaller one chosen at a tie. Values at the finitely many rational discontinuities
will never affect an integral or a distribution. We identify T = R/Z with [0, 1).

The distinction between Theorem 1.1 and the classical two-variable result is important.
Kesten'’s spatial theorem averages both the rotation parameter and the starting point [7, 8]; here
the starting point is exactly zero.

For p > 1, let

dp = gp(a) := nint(pa), dp = 0p(a) :=pa —q, € (—1/2,1/2],
put L = Ly :=log N, and impose (p, g,) = 1. The central object is

V(NG
Yy(a)= ) (6”> (1.1)
1<p<n PO
(py(Ip):l
At the null set where d,, = 0, this quotient is assigned the value zero. This convention will be used
for every shot sum below. The proof has three stages. The final transition-band step in stage (ii)
invokes the marked Poisson theorem from stage (iii); that theorem is proved independently of

stage (ii), so there is no circular dependence.
(i) In Section 2 we prove
1Sy = Ynll; = o(log V). (1.2)
The proof is an exact Fourier-Ramanujan reconstruction, including its principal-value and

endpoint conventions.

(ii) In Section 3 we prove the small-jump estimate: for every n > 0,

N6
> V(&p) > =0. (1.3)
p<N, (pap)=1 PP
(log N)|pdp|>A

J mewLed oy
This is the fixed-start step which is absent from the usual two-variable argument.
(iii) In Section 4, the complementary finite process
{((log N)pdp, Nopmod1):p <N, (p,gp) =1}

is identified with rare regular continued-fraction convergents. Exponential mixing proves
the unmarked Poisson law; a two-scale cylinder argument proves that the marks become
independent Haar variables. The limiting marked process has intensity 1/¢(2), and sending
the compact cutoff to infinity gives the characteristic exponent —|t|/(27).

We use the Fourier convention
fo) = [ fleet-na) da.
For an integrable function on R, the corresponding real-line convention is
Fo) = [ s@e(=to)av.

All L?-norms without a displayed measure are over T. We use the standard arithmetic functions
v (Mobius), ¢ (Euler), 7 (the divisor-counting function), and os(n) = >4, d°.



2 Primitive-shot reconstruction

2.1 Periodization and its Fourier transform

The absolutely convergent Fourier series

1 e(lx) 1 — cos(2mrx)
Vi) = 12 = 4202 ?;1 2722 (2.1)

will provide the mark. For P > 1, define the nearest-cell sum

V(NG
YN,P(a) — Z ( 5 p)
p<P Pop
(p.ap)=1
and its full periodization
Znpl)= Y Lpy 3o YW =9) (2.2)
p ba—gq
p<P q€Z
(p.a)=1
The symmetric principal value is taken in q.
Lemma 2.1 (Fourier transform). For s > 0,
N i 1
In(s):= PV/]R Vi x)e(—sx) dz = —i =L (2.3)

k>s/N
where the term k = s/N has weight 1/2 when s/N is an integer. Consequently, for n > 0,

~ i Cpl M n 1 1 u
Zxrm=-2 3 Pa (), =Y et )
k>u

2
27rp§P P 2u

where the last term is understood as zero at uw =0, and

cp(n) = Y elan/p)
a mod p

(a,p)=1

is the Ramanujan sum. Moreover,

Znp(0)=0,  Zyp(—n)=Zyp(n).

Proof. Put hy(z) = V(Nz)/z, with an arbitrary value at x = 0. Before computing, we make
the periodization limit explicit. Let A, be the reduced residues in {0,...,p — 1}, and for R > 1

define the finite sum
(R)
Zip(e Z > Y hwnl(pa—a—pj).
p<P p a€Ayp |j|I<R

For z = pa — a € [—p, p], periodicity of V gives, when j > 2,

. . 1 1
(e = i) + hov(z +01) = VNE) (== + .

and hence

<<Z—<

j>R

sup Z(hN(z—p]) + hn(z +pj))
|z|<p j>R




The finitely many apparent quotient singularities are canceled by the zeros of the numerator
and leave only bounded one-sided jumps, because V(Nz) = On(|z|) at an integer. Thus Zy (R )
converges in L?(T), in fact uniformly away from those finitely many jump points, to Z N7 P.
Compare this residue-wise cutoff |j| < R with the literal symmetric cutoff |¢| < pR. In a fixed
residue class ¢ = a 4 pj, the two index intervals differ by at most two endpoint indices, and the
corresponding summands are O,(R~1). Thus their difference is O,(R~!). For an arbitrary literal
cutoff radius S, take R = |S/p]. The cutoffs |¢| < S and |¢| < pR differ by O,(1) endpoints,
each of size Op(S ~1). Hence the residue-wise convention and the symmetric principal value in ¢
used in (2.2) have the same limit (with p < P fixed here).

To justify the principal-value calculation, first integrate over n < |x| < R, insert the absolutely
and uniformly convergent series (2.1), and then let n | 0 symmetrically and R — oco. The first
limit can be passed through the series because, uniformly near zero,

Z |1 — cos(2nkNx)]

N.
K] <

k>1

split the sum at k& = (N|x|)~!. For the second limit, the symmetric truncated integrals of each
exponential divided by x are bounded uniformly in its frequency and in R, by the elementary
boundedness of the sine integral. Thus 3" k=2 < oo supplies domination. Equivalently one may
insert e~€l*l retain the symmetric principal value at zero, and let € | 0; for every real a,

—elz|

lim PV e(-az)e

dz = —i
i . x imsgn(a),

with value zero at a = 0. The distributional identity

PV/ elzsz) dz = —imsgn(s)
R T

and the second series in (2.1) show that the k-th summand contributes —i/(2wk?) precisely when
kN > s, zero when kN < s, and half at equality. This proves (2.3).

We may now compute with the finite periodization. The changes of variables t = pa and
x =1t—a— pj give, for every integer n > 0,

p—a+pR

1:2 Z Z (—na/p) /_ hy(x)e(—nx/p) dx

p<P p acAp a—pR

Indeed, as j ranges from —R to R, the corresponding intervals of length p are adjacent and
tile the displayed interval. Replacing its endpoints by £pR changes the integral by O,(R™1),
since |hy(x)| < |27t there. Hence, for n > 0, the integral tends to Iy (n/p); for n = 0, it tends
to zero because hy is odd and the same endpoint estimate reduces the limit to a symmetric
integral. Since

> e(=na/p) = cp(—n) = cp(n),

acAp
the L2-limit Z](\ﬁ}, — Zn,p and continuity of Fourier coefficients on L? prove (2.4) and Z ~N.p(0) =
0. Finally Zn p is real, which gives the negative coefficients by conjugacy. O
2.2 The exact all-denominator identity

Define Zy o to be the mean-zero L?(T) function whose positive Fourier coefficients are given
by the right side of (2.4) with the sum over all p > 1, and whose negative coefficients are their



conjugates. The series over p is absolutely convergent for each coefficient, since the divisor

formula for Ramanujan sums gives

PORUL D SED Pt

s P 4=

Lemma 2.2 below shows that the resulting positive coeflicient is

ON(TL_I),

and hence that the coefficient sequence is square summable. This also fixes the symmetric

principal-value convention in the notation Zy .

Lemma 2.2 (Mobius collapse). For every n > 0,

cp(n) ( n ) 1

sy (1)t e

= P pN "\ dn
d<N

Hence, in L*(T),

1
ZN,oo = SN — 51/}(]\[04)

Proof. Use
cp(n)= Y ap(p/a)

al(p;n)

and write p = ar. The left side of (2.5) becomes

LD B <}
a|n rk>1 r2k?
Tk>n/(aN)

On grouping by m = rk,

IR IES WIRE!

rk>X m>X rlm

1{N|n} . (25)
(2.6)
X <1,
X >1,

with midpoint value 1/2 at X = 1. Replacing a by d = n/a gives (2.5).

Since (mz)
B e(mx) . o
P(x) = Z Sy L*(T),
m##0
the positive n-th coefficient of Sy is ‘
_2; d.
m
d<N

Combining this with Lemma 2.1 and (2.5) yields exactly the coefficient of Sy —11(Na). Negative

coefficients are conjugate, and both sides have mean zero.

O]



2.3 Nearest cell versus full periodization

Proposition 2.3 (Window estimate). Uniformly for N, P > 2,
|Ynp — ZN,PHS < log(2P)(1 + loglog(e® + N P)). (2.7)

Proof. Let q(t) = nint(¢). Mobius inversion and the cotangent principal-value identity give

1 T mt
q€Z dlp
(p,9)=1
Put 1

u — nint(u)

where the first quotient is interpreted in the unique local lift. The poles cancel. Since V(N (t —
q)) = V(Nt), writing p = dr in the difference between the nearest coprime pole and (2.8) yields

d
Ynp—ZNp= A:Z(Q)FMd(TOZ)a Fna(u) = V(Ndu)Lg(u). (2.9)
ar<p U7

For m # 0, direct integration on (—1/(2d),1/(2d)) gives

~

Lg(m) = imsgn(m) — 2iSi(wm/d), ’Ed(m)‘ < min <1, |:i> , (2.10)

and Lg(0) = 0. If vy are the coefficients in (2.1), then

ﬁN,d(m) = Z wid(m — de)
Lez
For fixed ¢, the contribution to the n-th Fourier coefficient of (2.9) is
d) ~
Cy(n) = 'lil(%)Ld(n/r—KNd). (2.11)

dr<P
rln

We use the elementary estimate
~ 2
> oa(m) [La(m — M)|” < d(1+loglog(e® + [M| + d)). (2.12)
m>1

Indeed, on |m — M| < d, the first bound in (2.10) and o_1(m) < 1 + loglog(e® 4+ m) give

ST ooi(m)|La(m — M)[* < d(1 + loglog(e® + [ M| + d)).
m>1
|m—M|<d

On the annulus 2/d < |m — M| < 2971d, the second bound in (2.10) gives

> o_1(m)|La(m — M)|? < 277d(1 + loglog(e® + | M| + 27%1d)).
m>1
2 d<|m—M|<2i+1d

Here
loglog(e® + | M| + 2771d) < loglog(e® + | M| + d) + log(j + 2),

and both 35 277 and 22750 277 log(j + 2) converge. Summing the annuli proves (2.12).

6



Apply Cauchy-Schwarz to (2.11) with the fixed weights d—3/27~1. Since
Z A3 < g y(n),

dr<P
rln
this gives

~ 2

Cem)2 < o 1(n) Y a7t La(n/r — (Nd)| .
dr<P
rln

Sum over n = rm, use oc_1(rm) < o_1(r)o_1(m), and then (2.12) with M = ¢Nd. We obtain

> |Ce(n)]* < log(2P)(1 + loglog(e® + |[¢| N P)),

n>1

because },po-1(r)/r < log(2R) and -, d—3/2 < 0. The negative frequencies are conjugate,
while the zero coefficient vanishes because V(Ndu) is even and Lg(u) is odd. Finally,

> |W|\/ 1+ loglog(e + [(|NP) < \/ 1+ loglog(e® + NP)
LeZ

by |ve| < (1 + ¢2)~1. Minkowski and Plancherel prove (2.7). O

2.4 The superlinear tail and the natural cutoff

Lemma 2.4 (Crude all-p tail). For P > N,
2 N 3
1ZNso — Znpll; < f(l +log(NP))". (2.13)

Proof. Expanding c,(n), the positive n-th coefficient, apart from the fixed factor —i/(2), is

=Y ¥ h (G )

dln 7‘>P/d

Since H,(u) < min(1,u~1), dropping the Mobius signs gives

7(n)/P, n < NP,

1+1og]\?P>, n> NP.

The first line follows by summing r~2 above P/d. For the second, split the 7-sum at n/(dN).
Now use

Z 7(n)? < X(1 +1log X)?

n<X

to obtain

N
> |Ap(n)? < 53 5 > T(n)’< F (14 log(NP))’.
n<NP n<NP

For 22NP < n < 2/T'NP, j > 0, the second pointwise bound similarly gives

N __. .
3 [Ap()® < 27 +2(1+ log(27T' N P))?.
2i NP<n<2i+1NP

The last expression is summable in j, with total O((N/P)(1+log(NP))3). Summing the dyadic
blocks proves (2.13). O



We next improve the denominator cutoff from N(1+41log N)!° to N. The following elementary
incomplete orthogonality will be used twice.

Lemma 2.5 (Incomplete Ramanujan orthogonality). If p # p/, then for every finite interval
1CZ,

> ep(n)ey (n)| < 201(p)or(p). (2.14)

nel

Proof. Insert

ep(n) = > du(p/d)

d|(p,n)

twice. The number of multiples of lem(d, e) in [ is |I|/lem(d, e) + O(1). The main term vanishes
when p # p/, by complete-period orthogonality of Ramanujan sums. Indeed, averaging their
exponential definitions over one period lem(p, p’) leaves only pairs of reduced fractions satisfying
a/p+b/p’ € Z; reduction forces p = p’. The absolute sum of the endpoint errors is at most the
right side of (2.14). O

Lemma 2.6 (Discrete Abel summation against a BV weight). Let (ay,) be indexed by Z, or by a
one-sided integer interval, and suppose that

D an

nel

< M, (2.15)

sup
1

where the supremum is over all finite integer intervals in the index set. If W is a regulated
function of bounded variation and tends to zero at every infinite end of the index set, then

< 2M (W], + TVR(W). (2.16)

ZanW(n)

The same conclusion holds with TVr(W') replaced by the discrete variation >, |W(n+1)—W (n)|.

Proof. For integers u < v, put Ay (k) = 3, <<k @n- Ordinary summation by parts gives the
exact identity

v v—1
Z an,W(n) = Ay(v)W(v) + Z Ay(n)(W(n) — W(n+1)). (2.17)

By (2.15), its absolute value is at most
v—1
M <|W(v)| +> [Wn+1) - W(n)\) :

On either infinite tail, both the endpoint value and the remaining variation tend to zero. Thus
the finite sums satisfy the Cauchy criterion. Letting the endpoints tend to the ends of the index
set in (2.17) proves (2.16); the displayed factor 2 harmlessly covers all one-sided and two-sided
endpoint conventions. O

Proposition 2.7 (Natural denominator cutoff). As N — oo,
1ZN,00 = ZN N |ly = o(log N), (2.18)

and consequently

|Sny — Y|y = o(log N). (2.19)




Proof. Put L =log N and P = N(1 + L)!°. For a dyadic block Q < p <2Q, @ > N, let

domy= Y 2Ty (;V) n > 0.

Q<p<2q@ P

Write hy(n) = Hi(n/(pN)). Expanding the square gives

Z |Ag(n)|* = Z SO Z cp(—n)cy (—n)hy(n)hy (n). (2.20)

n>1 pp=Q P ’p n>1

The midpoint convention in H, preserves monotonicity. More precisely, at every integer m > 1,
_ 1
H.(m™) — Hy(m) = H,(m) — H,(m™) = oz

Consequently each h,, is nonnegative and nonincreasing, tends to zero, and is bounded by ((2).
Hence hyh, is also nonnegative and nonincreasing, and

1hphy [l o + D Thp(n+ Dy (n+ 1) = hy(n)hy (n)] < 2¢(2).

n>1

For p # p/, apply Lemma 2.6 to a, = ¢p(—n)cy(—n), and use Lemma 2.5. Thus the inner sum
n (2.20) is O(o1(p)o1(p')), including every midpoint jump and every Abel boundary term. The
off-diagonal contribution is therefore

/
5 ANE) 0105302
i pp
p,p'<Q
p#p’

For the diagonal, use

> ()’ =pe(p), > H.(n/(pN))*> < pN.

n mod p n>1

More explicitly, on the j-th period jp < n < (j + 1)p, monotonicity of H, and complete-period
orthogonality give a contribution at most

pe(p)H.(j/N)?.

Since H,(u) < min(1,u"1), > j>0 Hx (/N)? < N. Thus subdivision into periods of length p
gives

N
Z ZCP H,(n/(pN))? < Z <p << —.
n>1 Q
Thus
[AQIPa sy < 1+ (log log(3Q))2 (2.21)

There are O(log(P/N)) = O(log L) blocks. Minkowski, (2.21), and Lemma 2.4 give
1Zx00 = Zn vy < (log L) + o(1) = o(L),

which is (2.18).
Finally combine (2.6), Proposition 2.3 with P = N, and (2.18). The term %1/)(]\7(1) has
bounded L?-norm, while

YN N — Znn|ly < VLlog L = o(L)

This proves (2.19). O



3 The nonresonant shots

Throughout this section L = log NV, and n < K always means K < n < 2K, with K ranging
over dyadic numbers. We first control the range

A
7 < [pdy| <

with a smooth cutoff, and then the fixed-away range |pd,| > €. The two arguments are different.

3.1 A mean-square Ramanujan tail

We use the following consequence of Chan and Kumchev’s mean-square theorem for partial sums
of Ramanujan sums [3, Theorem 1.2].

Lemma 3.1 (Ramanujan tail). There is an absolute Biay > 30 such that, uniformly for K > 3
and 2 < Q < VK,
VK

L ——. 3.1
£2(1<n<2K)

> )

>Q

The same bound holds for a finite tail } g ,<p, uniformly in R.
Proof. Put Cy(n) = >, <, cq(n). Set
TCK = T, Yok = 2K, Bek = 11.

When x < ,/yck, their elementary formula

2
Z Ca(n)|* = y;K;U + O(a;4 + xyck log x)
n<yck ¢(2)

is O(Kx?). When /yck < = < T := K/(log K)Pwil apply part (ii) of their theorem with the
displayed substitution. We verify both of its range hypotheses, including the lower logarithmic
margin. Since Bog = 11, Biaji > 30, and = < T,

z(log 2)*Pex < T(log T)* < K (log K)*#~Puil < 2K = yok
for all sufficiently large K. Since = > ,/yck, we also have
yok < 22 < 2% (log x)Box,

The bounded remaining values of K are absorbed in the constant. Moreover, log(zyck) =<
logz = log K throughout this range. The function denoted by x in that theorem satisfies
SUp,er | (u)] < 00, so its main term is O(ycxa?) = O(Kz?). Its error relative to ycxz? is

O((1og ) (+7/% + (yox /2)71/2) ) = O(1)
when Biay > 30: indeed z71/2 < y&l(/él, and ycx /7 > 2(log K)Pti at the upper endpoint of the
range. Thus
Z 1C,(n)* < Ka? (2 < z < K/(log K)Brai), (3.2)
n<2K

Partial summation gives

cq(n Cr(n Co(n R C.(n
3 ) G Co) (RO,

2 2
Q<g<R q R v

10



Minkowski and (3.2) bound the part below T = K/(log K)Pw=it by CvVK/Q. Above T, the
divisor formula gives

|Cx(n)| é xT(”), ||CCEH£2(n§2K) < l'\/[?(lOgK)g/Q

Its contribution is
<< \/E(log K)3/2 - (log K)Btail+3/2

T VK
and hence the argument has proved the more precise intermediate estimate
VK (log K)Btail+3/2

< —— + Ek, Ek = ;
Q VK
2(n<2K)

Z cq(n)

3 2<Q<T. (3.3)
>Q q

The same estimate holds for finite tails, and the same divisor calculation also gives, uniformly in
the upper endpoint,

3/2
< VRO ”

cq(n)
>

r<qg<R

2(n<2K)

For all sufficiently large K, Ex = o(1), whereas v/K/Q > 1 in the stated range; the bounded
remaining values are absorbed into the constant. Letting R — oo proves the infinite tail. Notice
that the larger range Q < K/(log K)Pwil would not follow from this argument: at its upper
endpoint the displayed terminal error is too large by a factor (log K )3/ 2. The range stated here
is exactly the one used below. O

3.2 A smooth near-resonant estimate

Fix 0<e<1/2, A>1, and put a = A/L. Fix Gevrey-order-two functions 7, 8 on [0, c0), with
n=0on[0,1], n=1on [2,00), f=1on][0,1/2], B=0on[l,00),

and set
p(v) = pas(v) = n(|v|/a)B(|v]/e).

Thus p is even, vanishes when |v| < a or |v| > ¢, equals one when
2a < |v| < ¢g/2,

and satisfies

|09 < ctrha. (3.5)
Define V(NG
V(@) = X T p(nsy). (3.6)
p<N Pop

(Pyap)=1

Lemma 3.2 (Uniform inner-cutoff multipliers). Suppose that 0 < a < e/4, and put

Wal(v) = {p“f(”)/vv v#0,

0, v =0, Ja(t) = /RWa(v)e(—tv) do.

Then W, € C°(R). For every integer m > 1 and every t # 0,

[ Ja ()] + [tJ5(8)] < CZF (m))? min {J¢], 1, (alt)) ™"} . (3.7)

11



In particular, supgcq<c/aser |Ja(t)] <e 1. Moreover,

[e.e]
/ sup r|J.(rt)|dt <. 1, (3.8)
0 1<r<2

uniformly for 0 < a < e/4, and, for every integer j > 0,

HWM < CItL(j1)2q i 1/2, (3.9)

L2(R)
All constants displayed here are independent of a.

Proof. Set
ze(v) = B(lvl/e),  hw) =1=n(ul),  ha(v) =h(v/a).
Because a < €/4, the support of h, is contained in {|v| < 2a}, where z. = 1. On that support,
ze — hq = n(|v|/a) = pa.; off that support, h, = 0 and n(|v|/a) = 1. Hence
Pae = Ze — haq. (3.10)

Both terms on the right are fixed smooth compactly supported profiles, the second followed by
dilation by a.
For every fixed integer M > 2, integration by parts M times and scaling give, for ¢ > 0,

SUp_fae(rt)] < Cons {e(1+et)™ +a(1+at) ™M} (3.11)
1<r<2

Since
J(/J,(t) = —2mi P (1),

the integral of the right side of (3.11) over ¢t > 0 is O, s(1). This proves (3.8) with the requested
explicit envelope.
We next prove (3.7). The function p, . is even, so W, is odd and

sin(27tv)

%@:-m%m%gwdu

v

Since (o
sin(2rtv) dv = dSi(27tv),

Stieltjes integration by parts yields

’Ja(t)‘ < 2811% ’ Sl(x)‘ TV(O,oo) (pa,s) <. L
[AS

The total variation is uniform in a, either directly from the two transition regions or from (3.10).
Similarly, Fourier integration by parts gives

[LI4(8)] = 27t (8)] < |

Pel|, e 1.
At the origin, J,(0) = 0 by oddness and
[Ta(t)] < 27 [[paell; <e 1.

Thus
[Ja(t)| + [t ()] < [t] ([t < 1).

12



It remains to record the high-frequency estimates with their dependence on the order.
Leibniz’s rule, the Gevrey bounds for the two transition profiles, and their supports imply, for
m > 1,

jwi], < cztamae, |

p5;7;+1>H1 < O™ (ml)2q ™, (3.12)
For the first estimate, expand

m = [(m 1\ (k)
wim =3 () (2)
k=0

v

For k = 0, integration over a < |v| < € gives O(mla~™). For k > 1, the derivative of p is
supported in
a < |v| < 2a, e/2 < |v| <e.

The inner region contributes at most
C:Hl(m!)%_ka_(m_kﬂ)a < C T ml)2a™™,

and the outer region is smaller. The second estimate in (3.12) follows in the same way by scaling.
Integrating by parts m times in J,, and m + 1 times in p, now gives

[ Ja ()] + |5 (6)] < CT (mh)* (alt]) ™

Together with the small- and intermediate-frequency bounds, this proves (3.7).
The same Leibniz expansion in L? gives

0 (1) (3—F)
€ v

For k = 0, integrate |v| 20U+ from a to . For k > 1, the inner transition region contributes

—

< Cg+1 (j!)?afjfl/Z.
2

I

S)

a—ka—(]—k+l)a1/2 _ a—j—l/27

and the outer region is smaller. Summing over k proves (3.9). O

Proposition 3.3 (Near-resonant square function). For fited A >1 and 0 < e < 1/2,

Pl
li i 3.13
m sup = ) (3.13)

Proof. For fixed A, ¢, the relation a = A/L < ¢/4 holds for all sufficiently large N, which is the
range relevant to the limsup. Put W =W, J = J,, and

_ P(Pp)
bol(@) = Lpap=1y =5 =

For each p, there is the exact locally finite periodization

by(ar) = q% W (p2 (a - i)) | (3.14)
(p.g)=1

Indeed, the support of the summand centered at g/p has radius /p?. Distinct centers are
separated by 1/p, and 2¢/p? < 1/p. Thus the supports are disjoint. On such a support,
lpa — q| < e/p < 1/2, s0 q = g, and p*(a — q/p) = pd,. Since W € C°(R) and vanishes with
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all derivatives at its cutoff boundaries, (3.14) also proves that b, is a periodic C*° function.
Restricting to reduced ¢’s removes entire disjoint smooth cells and creates no jump.
Changing variables in those cells gives, for every n € Z,

~ 1
o) = 35 3 elonafp [ Ww)e(=no/p?) do
(p,g)=1 (3.15)
= 2 sws?)

In particular J(0) = 0, since W is odd.
We begin with the constant coefficient vy = 1/12 in (2.1). Here and below in this proof,
n =< K means K <n < 2K. Put

QK:\/E, RKZ\/€?.

Lemma 3.2 and d
20\ n 2
p—dpJ(n/p ) = *2;?](”/19 )

give, for every fixed integer m > 1,

(p/Qk)*™, p<Qxk,
Lme 4 1 Qrx <p < Rk, (3'16)

T(n/p?)] +p \dﬂn/p?)
K/pQ, p > RK.

dp

For the last line, use the small-t part of (3.7) when n/p? < 1. If 1 < n/p? < 2/e, the uniform
bound is at most C.K/p?: indeed p? < n < 2K, so K/p? > 1/2, and the uniform O (1) bound
is absorbed by the displayed quantity. We now write every boundary term in the multiplier
summation. Let

Hg=0C{neZ: K <n<2K}, u,= <Cp(p_2")>nxK, we = (J(n/2%)), _p-

For 2 < U < o0, define the finite tail

Writing ® for coordinatewise multiplication, summation by parts in each coordinate gives the
exact finite-dimensional identity

dw,

dzx. 1
—dz (3.17)

U
Z up®wp:732,U®w2+/ Reu ©
2<p<U 2

Indeed, z — R, has jump —u, at p and Ry, = 0, so Stieltjes integration by parts is

U
- / wy ® ARy = Ray © ws + / Roy © duw.
(2,0] 2

This proves (3.17), including both endpoint terms.
Let
K (log K )Braint+3/2

T=——"—+— Ewx =
(log K )Buait” K VK

Since Ramanujan sums are real and even, the finite-tail form of (3.3) gives, uniformly for
2<z<ULT,

VK
HRJL‘,UHHK < 7 + Ek. (3.18)
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For a fixed m > 1, put

_ (x/QK)va T < QK7
WK m(x) =
17 T > QK
Equation (3.16) yields
dw,
We || poo (=) + T <Leym WK,m(T). 3.19
el + 2| | et @) (3.19)
The uniform envelope in Lemma 3.2 also gives
% || dw,
/ H v dr <. 1. (3.20)
0 dx [[gee (n=r0)

To check the change of variables, write n = 7K, 1 < r < 2, and t = K/x?; the left side is at
most a constant times o
/ sup r|J'(rt)|dt,
0 1<r<2
which is (3.8).
Assume first K > 16/a, so Qg > 4, and set Uy = min{N,T'}. Equations (3.17)—(3.20) give

K Vo (VK
< <W+EK> szHoo+/ <C+EK> H dx
Hi 2

[e.9]

dw,
Z tp © Wp dx

2<p<Uo

2

m 2 o0 m
Lemn \/T({MK’Q( ) +/ wK’ﬁ(HC) da:} + Ex
2

VK
Com L2 4 By, (3.21)
Qr

The last line follows from
Com [OF oo 9 1 -1
X / " dx +/ rodr <, Qs wWi,m(2) <m Q) -
2 K

If T'< N, apply (3.17) on (T, N]. The terminal tail estimate (3.4) and (3.19) give

1  dx
/ 3/2

<L K(IOgK) / (T—’_/T 1‘2)
Hi

Z Up © Wy

T<p<N

K (log K)3/2
< ‘mjgj) — Ey. (3.22)

The finitely many terms p < 2 satisfy the same O, (VK /Qx) bound by the first line of (3.16).
Consequently, whenever K > 16/a, uniformly over the dyadic block,

VK
e ~— + Eg <. a V2 (3.23)
Qr
2(nx<K)

) C’;f;” J(n/p?)

p<N

The assertion about Fx is uniform, not merely pointwise. Indeed, for all sufficiently large NN,

the function z — (log z)Bwint3/22=1/2 is decreasing throughout = > 16/a, and therefore
sup Ex <Cva (log(16/a))Bt"‘“+3/2 = o(1). (3.24)
K>16/a

15



We spell out both ends of the frequency sum. For 1 < n < 16/a, absolute convergence, the
uniform bound for J, and the divisor formula give

<Y |CP(;L)| < o_1(n). (3.25)
p>1 P

>

p<N

Consequently, using o_1(n) < 1+ loglog(3n), these frequencies contribute at most
O (a™'(1+ loglog(1/a))?) = o(L/a) (3.26)

to the squared norm.
At the other endpoint suppose that Qx > N, equivalently K > N2/a. For all sufficiently

large N, this implies N < T, because x/(log z)Pwi is then increasing for z > N?/a, and
N?/a
T> > N.
% (log(V?/a)) P

Apply (3.17) with U = N. Every z < N then lies below Qx, and hence

lwello + @ W]l o <eam (2/Qr)*™. (3.27)
Using (3.18) in the exact Abel identity gives

Z Up © wp

2<p<N

Qr

Cem g (é\;)m_l + Ex (é\;)m (3.28)

The terms p < 2 obey the same first bound directly. By (3.24), Ex < a2 = VK /Qk for all
large N. Since N/Qg < 1, we conclude that

N N 2m
<em \/KQI}QT" (1 +/ z2m—2 da:) + Ex <>
2
Hr

> Cp(p_gn) J(n/p) (3.29)

Lo a <
p<N

N >2m—1
2(nx<K)

Qx

On the dyadic blocks K, = 2"N?/a, the square of the last bound is at most

2 2m—1
1/ N _ 1 oremny
a \ aK, a

Thus the complete squared tail K > N?/a is O ,(a™t). Between 16/a and N%/a there are
O(L) dyadic blocks, and each contributes O:(a™!) by (3.23). Together with (3.26), this proves
that the constant mode has squared norm
L2
Le L/ja=—. (3.30)
A
Negative frequencies contribute the same amount by conjugation, and the zero frequency
vanishes because J(0) = 0.
Now fix £ # 0. Since N, /¢, g, are integers,

e({No,) = e({Npa).

16



Differentiating the disjoint-cell representation (3.14) and changing variables in every cell gives,
for every integer j > 0,

o], = oot )

H()I()JA)H2 < Cg+1(j!)2p2j_1/2a_j_1/2

)

2
2

—Oﬁ%ﬂﬁ(i) (ap) ™12, (3:31)
In particular,
1
bplls < —. 32
1bpll5 <e = (3.32)
Whenever b, () # 0,
‘a _ G| Pl 1
pl p* 2

and (p,qp) = 1. Legendre’s criterion therefore makes p a continued-fraction denominator of «.
Since such denominators satisfy Q12 > 2@, only an absolute bounded number of active p’s
can lie in a dyadic interval. Let

Py = N exp(—LY3).

The same recurrence shows that the total number of active denominators in (Py, N] is O(LY?).
Pointwise Cauchy—Schwarz and (3.32) therefore give

2

Yo bpla)e(@Npa)| < L' S bl

Po<p<N 2 Py<p<N
/3 1 1.2/3
<=— > -—<=—=o(L/a). (3.33)
P a
Py<p<N

For p < Py, divide into dyadic blocks Ps = (Ps/2, Ps], and set

Fur(@) = Y by(@)e(tNpo).
PEPs

The same pointwise sparsity and (3.32) give

1
[Fuelly < 3 1Bl <<~ (3.34)

PEPs

Let 1I, ; be Fourier projection onto the signed annulus

¢|N P;
As o= {n € Z: sgn(n) =sgn({), i 1

< In] < 24(NP}
We use the following exact leakage inequality. If f € H7(T), mg € Z, and every integer outside
a frequency set A has distance at least D from mg, then Plancherel gives

(7 = Ta)(e(moa) )l = D> If(k)P
m()kfk%Z.A

< DY WPIFHP = oDy ¥ [fOL. (339)
keZ

17



For p € (Ps/2, Py], the carrier mg = ¢Np lies in Ay, and its distance from the complement is at
least Dy, = |¢|NPs/4. Applying (3.35), the triangle inequality, and (3.31), we obtain

H(I_Hsf) séHz 277Ds£ Z HbJ)H

< CITL (N2 <§a>j (R")l/2. (3.36)

a

There is no unrecorded dependence on j in this estimate. Choose j = [QLQ/ 3] Since

* < —L'3 4 log(L/A),

|¢|77 < 1, and log(j!) < jlog j, the logarithm of the last line of (3.36) is at most
1
—jLY? 4 jlog(L/A) + 2jlog j + O.(j) + 5 log(Ps/a) = —§L+ O.(L*?logL).

It follows that

sup [|[(1 — s 0) Fy
s,£#0

The annuli A, ¢, with P; dyadic, have overlap multiplicity at most an absolute constant .
Consequently, frequency by frequency and then by Plancherel,

,=o(N7h. (3.37)

2

Z ﬁs,g(n)

sneA; 4

<BY |Fyp(n)]? < BY ||Fsll3 << L/a. (3.38)
S

S nEAng

2
S,EFS,Z = Z
2

nez

There are O(L) blocks, so (3.37) also gives

Z |(I =) Fs e, = o(1).

The triangle inequality and (3.38) therefore give

2

> bp(a)e(¢Npa)

<Py

<. L/a, (3.39)

2

uniformly for ¢ # 0. Together with (3.33), this is uniform in ¢ # 0. Finally, the absolutely
convergent Fourier series V' (x) = - ez vee(fx) gives

YR = v > by(a)e(¢NGy)

leZ  p<N

Use (3.30) for £ = 0, the shifted estimate for £ # 0, Minkowski’s inequality, and > [ve| < oc.
We obtain

L2

Z7

which proves (3.13). O

near
N,Ae

<<5*:
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3.3 The fixed-away estimate
Proposition 3.4 (Fixed-away shots). For every fized 0 < e < 1/2,

N6
Z Vi 5 ) = o(log N). (3.40)
p<N, (pap)=1 PP
|pdp|>e 2

More precisely, for every 0 < gy < e1 < 1/2,

N,
lim sup Z VNG,) =0. (3.41)
Voo tele] BN | oy Gy PO
|p5}0|2t 2

Proof. Fix temporarily 0 < § < /2, and take an even smooth function x = x. s such that
x()=0 (p[<e=9), x)=1 (jv[=e).
Let Y be (1.1) with the extra factor x(pd,), and define its full periodization by
1 V(N (pa —q
Zy(@)=> ~PV > ViVipe - 9)) — ) x(p(pa — q)).
p<n P qeZ pa—q
(p.g)=1

Because 1 — y is supported in |[p(pa — q)| < € < 1/2, there is at most one ¢ in its support,
necessarily g,. Therefore

YN — 2N =YNn —ZNnN, (3.42)
and Proposition 2.3 gives
1YV — ZX%|2 < Llog L = o(L?). (3.43)
Set
Ry(t) =PV | XE}”) e(—tv) dv. (3.44)

Put k, = 1—x. This function is even and compactly supported. For ¢ # 0, the Fourier transform
of PV(1/v) gives

Ry (t) = —imsgn(t) — PV /]R “XU(”)e(—w) dv. (3.45)

The second term in (3.45) tends to zero as t — 0. Indeed, after pairing v and —wv, its absolute

value is at most . sin )|
sin(2wtv
2 [ (o) o = 0 (1),

Thus the symmetric value and the two one-sided limits are
R, (0) =0, R, (0T) = —im, qquadR, (07) = ir. (3.46)
For t # 0, differentiation in (3.45) gives
R;((t) = 27iR, (t).

Dirichlet’s integral applied to (3.44) shows that R, (t) — 0 at both infinities. Since K, is Schwartz,
integration from the appropriate infinity shows that R, is smooth and rapidly decreasing on
each open half-line. More precisely, for all r, J > 0,

[RY (0] < Crux(+ [t~ (¢ #0), (3.47)
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where for r = 0 the two half-lines are treated separately. In particular, R,, with the value in
(3.46), is a regulated BV function with one jump; it is not being regarded as a Schwartz function
on all of R.

Auxiliary scaled-multiplier estimate. Let R = R,. If p,p’ € (Q,2Q)] and a,d’ € R, then,

for every J > 0,
t—a t—a
WOD:R( p? >R< p”? )
ja —a'|\ ™7
HWHOO + TVR(W) <<J7X 1 + Q2 .

Here the values at a and o’ are induced by R(0) = 0. Moreover, suppose that ¢ # 0, a = {Np,
a’ = ¢Np', and put

(3.48)

_laN
Q )

(N
fo={t: sy =, L <ul<ane},  Bo=R\Le

H
Then
|1 W |+ TVR(LE, W) <y H. (3.49)

The convention at the two endpoints of Iy ¢ is immaterial.

Proof of the auziliary estimate. Write Eps(x) = (1 + |z|)™. Uniformly for 1/4 <\ <4, d € R,
and M > J +1,

sup Ey () By (e — d) + /R B (@) By — d)de <00 (14 |d])~7. (3.50)

To verify this, split the line into |z| > |d|/8 and its complement. On the first set one extracts
(1 + |d|)~7 from the first factor and integrates the remaining envelope. On the complement,
|Az —d| > |d|/2, and one instead extracts the same power from the second factor. The supremum
estimate is identical.

Away from a,a’, ordinary differentiation gives

1 t—a t—a 1 t—a t—a
W,(t)_zﬁR/< p? )R< p'? )+z?’2R< p? )R,( p'? )

In the first integral use t = a + p?z, and in the second use t = a’ + p"2x. Since p?/p? € [1/4,4],
(3.47) and (3.50) bound both [g\ ¢, .1 |[W'(t)|dt and ||W]|, by the right side of (3.48).
It remains to count the point jumps. If a # o/, then the total variation contributed at a,
including the assigned value W(a) = 0, is
a—a
i ( p? )

the analogous contribution at a’ is 27| R((a’ — a)/p?)|. Both have the required separation decay.
If a = d/, the two one-sided products are bounded and the assigned value is zero, so the total
point contribution is at most 272. This proves (3.48), including unequal scales and all possible
coincidences of the jump points.

For (3.49), both centers lie strictly inside I, g, while for every t € E; g,

27

I

|t —d|
p/Q

|t = al

1+ 2 >1+H.

>1+H, 1+

Thus multiplication by 1g, , kills the original jump points. On Ey g, use the displayed derivative
formula, take the supremum of one far-away factor, and integrate the other. This contributes
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Oy, (H=7). The only new jumps are at the two endpoints of Iy ; both factors there have
normalized distance > H, so these point contributions obey the same bound. This proves (3.49).
O

We also record the interchange that leads to the Fourier coefficients below. The original
symmetric principal value agrees with its Abel regularization. Indeed, once |q| is large, the cutoff
factor is one, and pairing g with —g gives

1 1

V(Npa) ( + ) = Op(q7?).
pa—q  pa+tgq P

Thus the paired tails are absolutely summable, and Abel’s theorem applies to the resulting

convergent symmetric series. To compare the literal Abel weights with a symmetrically weighted

pairing, note that, for ¢ > |pal, the two weights are e *a9¢*AaP2  Replacing both by e~*a4

changes the paired tail by

O, (AAZ

=1 1

) = Op(Aalog(2/Aa)) = o(1).

The symmetrically weighted paired series is dominated by its O,(¢~?) tail and therefore con-
verges to the original symmetric principal value. We may therefore first truncate each g-sum
symmetrically and insert the Abel factor exp(—Aa|pa — q|), Aa > 0. The sum is then finite and,
after the truncation is removed, absolutely integrable. The Fourier series (2.1) is absolutely and
uniformly convergent, so it may be inserted term by term before unfolding the residue classes
modulo p. For the ¢-th term, the changes of variables x = pa — ¢ and then v = pz give the

damped transform
/ X(v) e (_n — Sva> L
R V p
Letting Aa | 0 symmetrically gives R, ((n — ¢Np)/p®). This passage is pointwise in the real
frequency and uniformly bounded; uniform convergence across frequency zero is neither true nor
needed. More precisely, for the principal kernel,

— —Aalvl/p 2
PV/ c(=sv)e dv = —2iarctan ( 7Tp8) ,
R v AA

which is uniformly bounded and converges pointwise to —im sgn(s). For the correction, pairing v

and —v gives
¢ sin(2mwsv
—21/ nx(v)i( )e*/\A”/p dv,
0 v

which is uniformly bounded by Dirichlet’s estimate and converges for each s as Ap J 0. Since
p < N is a finite sum and Y, |vs| < oo, dominated convergence now removes the Abel factor
and exchanges the principal value, the Fourier series, and the cell unfolding. This is the same
symmetric truncation convention as in Lemma 2.1.

Using (2.1), the n-th Fourier coefficient of the /-th mark mode of ZX;, without the factor vy,

Bi(n) =Y Cp(_”)RX <”_§Np>. (3.51)

2
P P

is

The unshifted mode. For n < K, the transition in (3.51) with £ = 0 is Qx = VK. From (3.47),
for a suitable fixed Cyy > 1 and every j,

Ry (n/p?)| +p \;‘;Rxm/p?)

o [0k, p<Qi/Cy
> 17 p Z QK/CX
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We now spell out the vector-valued Abel summation, including its boundaries. Put

N =C{neZ K<n<2K},  u,= (Cp(p2”)> o we = (Re(nfa?), s
n=<xK

and, for a finite upper endpoint U, set

Rev = Z Up.

r<pU
The exact identity (3.17), applied with this multiplier, reads

dw,
dx

U
> up®wp:R2,U®w2+/ Ry ©
2<p<U 2

dz. (3.52)

There is no omitted upper boundary, because Ry, = 0.

For all sufficiently large K, put T = K/(log K)Pwil > 2 and Uy = min{N, T}; the bounded
set of smaller blocks will be absorbed into the final constant. The finite-tail form of (3.3) gives,
uniformly for 2 <z < Uy,

VK
”RI,U()”HK < e + Ek. (3.53)

wg,j(z) = min {1, (%’X;)]} .

The preceding multiplier bound implies

For a fixed integer j > 2, define

dw,

dx

i wicj (). (3.54)

”w»’CHZOO(nxK) +z
£°(nxK)

The half-line Schwartz bounds also imply the vector-valued total variation estimate

o0 d
/ sup Rx(n/xQ)‘ de < 1. (3.55)
0 K<n<2k |dz

To see this, put n = 7K, 1 <7 < 2, and t = K/2?; the left side is bounded by a constant times
Jo© supy <, <o 7| R (rt)| dt. This is finite by (3.47). Applying (3.52), (3.53), and (3.54), and using

wk,i(2) /°° wr,j () do <. L
9 + ) 2 T <y Ox’
we obtain
K
2<p<Uo M @x

The Ex-part includes the boundary at 2 and is bounded using (3.55).
If T < N, apply the same exact identity to (7', N]. The finite form of (3.4) gives

K (log K)3/?
|’RI7NHHK < \/>(O:§)7 T S T S N,

where now Ry N = >, <y Up. Moreover,

d
’deX(n/xQ) <, min(z ™ Kz™3).
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The lower boundary at T is O(VK (log K)3/2/T) = O(Fk), since R, is bounded; the upper
boundary again vanishes. The remaining Abel integral is

< VK (log K)3/2K/ 24 dx = o(Exk).
T

The finitely many terms p < 2 satisfy an O, (1) bound by the first multiplier estimate. We have
therefore proved
1Bollg2 (n=rey <x 1- (3.57)

We also record the high-frequency tail rather than subsume it in (3.57). Suppose that Qx =
VK > N, equivalently K > N2. For all sufficiently large N, this implies T > N: the function
x/(log x)Bwil is increasing in this range, and at x = N? it is larger than N. Furthermore, once
N is sufficiently large, the function z — (log z)Bw=i13/22=1/2 is decreasing on [N?, 00). Hence

log N2)Btait+3/2
sup Ex < (log N7 = o(1),
KZNQ N

so every use of Ex = o(1) below is uniform over the high-frequency blocks. Apply (3.52) with
U= N. Every x < N lies below Q, so (3.54) and (3.53) give, for each fixed j > 2,

<jx VEQY (1 + /ZN 2l dx) + Bk <é\;>]

<jx (é\;)j_l : (3.58)

In the last step we used VK/Qg = 1, Ex = o(1), and N/Qx < 1. The terms p < 2 obey the
same bound directly from (3.47), after increasing the fixed decay exponent if necessary. On
the dyadic blocks K, = 2" N2, the square of (3.58) is 0;,(277U~1), and is therefore summable.
The range K < N? contains O(log N) = O(L) dyadic blocks, each bounded by (3.57).

Finally, the reality of x(v)/v gives R, (—t) = R,(t), and Ramanujan sums are real and even.
Hence By(—n) = By(n), so the negative-frequency blocks have the same bounds. At frequency
zero, By(0) = 0 by (3.46). Combining the positive, negative, and zero frequencies proves

Z |Bo(n)> < L (3.59)

Z Up © wp

2<p<N

Hi

Shifted modes. Fix £ # 0. For p,p’ < @, apply the auxiliary scaled-multiplier estimate above
with a = /Np and @’ = ¢Np'. Tt gives, for

t—F¢Np t—{¢Np'
o= () 5 (),

Nlp—p |\’

Q?
Before making the dyadic decomposition, remove the singleton p = 1. Since ¢1(n) = 1, its
contribution is

Wl + TVRWy) <ty (14

B (n) = R, (n — (N).
Translation by the integer /N, together with (3.47) and R, (0) = 0, gives the uniform bound

STBHM)? = 3 [Ry(m)? <4 1 (3.61)

neZ meZ
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Thus it remains to decompose the terms 2 < p < N into the blocks @ < p < 2@Q) below; the
singleton can be restored at the end by the triangle inequality. The function W, tends to zero
at both infinities. Therefore Lemmas 2.6 and 2.5, together with (3.60), imply, when p # p/,

> ep(n)ey (M)W (n)

nel

{Np—p' [\’

Q?
Let By denote the dyadic @ < p < 2Q part of (3.51). We first write out its diagonal

contribution. Put a = ¢Np. Since a/p = (N € Z, every interval (a + kp,a+ (k+ 1)p]NZ is a
complete residue system modulo p, and hence

> cp(n)* = po(p).
a+kp<n<a+(k+1)p
The half-line bounds (3.47) now give
n—¥fNp
Z Cp(n)2 Ry (2)

nez p

<y o1(p)or(p’) (1 +

2

<pp(p)d.  sup  |Ry(x)]
kez k/p<e<(k+1)/p

<y p°e(p). (3.63)

Consequently the diagonal part of ||Bg7QH§ is

< Y @«X 1.
Q<pL2Q

For the off-diagonal, put A = [{|N/Q?, use o1(p)/p < loglog(3Q), and choose J > 2.
Equation (3.62) gives

o1(p)or(pf -
> O 1y p)
bt PP

PFD

/

< MQ S oa+ Ah) ™7
Q 1<h<Q

< (loglog(3Q))? min (1, ]E\QN> ) (3.64)

Combining this with (3.63) proves, uniformly for ¢ # 0, the slightly stronger form

Bl < 1+ (lozloz(3Q))? min (1. 74). (3.65)

It remains to square-sum in (). Let

N
QU = I,Crar’

Cfar > 10)

and let II, o project onto

LN
san(n) = smn(0), 9 < jnf < 31INQ.

Put H = [¢(|N/Q and let E; g be the complement in R of the displayed carrier annulus. Expanding
by Plancherel gives the exact identity

1
(1 - HE,Q)B&QH; = Y. 55> o)y (n)
pr=Q PP nez (3.66)

1p, o (n)Wpp(n).
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For p # p/, the projected estimate (3.49) and Lemmas 2.6 and 2.5 bound the inner sum by

Oy (o1(p)ar(p)H ™). (3.67)

For p = p/, every retained n satisfies |[n — ¢Np|/p? > H. Subdivide into the periods used
in (3.63) and take a Schwartz exponent larger than J + 1. The remaining supremum sum is
bounded by

p/ (14 |2)~"~2de + O(H7~2) <, pH".
|lz|>H

n—{4Np
m ()
X P2

After applying the outside weights in (3.66), the diagonal contribution is O, (H~7), because
> p=0 ©(p)/p* < 1. The off-diagonal contribution from (3.67) is O, ((loglog(3Q))*H~7). We
have therefore proved, including both projection-boundary jumps, that for every J,

It follows that )

<y Pro(p)H ™. (3.68)

Z Cp(”)2

TLEEZ,QQZ

2 Q
(1= Teg)Brlly < (1 + loxlox3Q)* (177 ) (3:69)

The carrier annuli have bounded overlap as () ranges dyadically: for each integer frequency
n, at most a fixed number of dyadic values of @ can satisfy n € I g, since those values have
ratio at most 6. Therefore

2

-%

n

2
< lIBeals-
Q

2

Z I, 0B g
Q

> 11,,(n)Beg(n)
Q

2 (3.70)

For @ < Qo, the sum of (3.65) over dyadic @ is O,(L): the constant terms contribute O(L),
while
2 @

Q<ZQO<log log(3Q))" 1y = o)

Moreover, after taking square roots in (3.69),
> I =Te)Beglly = o(1)
Q<Qo
on choosing J large. Bounded overlap of the projected annuli in (3.70) therefore gives

2

< L. (3.71)
2

> Bio

Q<Qo

There are O(log L) blocks above Q. Each has squared norm O, ((log L)?), so the triangle
inequality gives

supz |Be(n)|? <y L+ (log L)* = o(L?).

140 5

Minkowski, 3, [ve| < 0o, and (3.59) prove
X |2 4 2
1Z5 5 <x L+ (log L)* = o(L*).

Together with (3.43), the same holds for Y.

25



Finally remove the smoothing. The difference between Y3 and the sharp sum in (3.40) is
supported on
e—0<|pdy| <e.

Every active p is a convergent denominator, so at most O(L) are active at one «, since @y, > F, 11
for the Fibonacci numbers F,,. Each summand is O.(1), and

90
/ 5 Lo seipy o papon da <25 3 P8 <o
O p<N p<N

Pointwise Cauchy—Schwarz thus bounds the squared L?-norm of the difference by O.(§L?). First
let N — oo and then § | 0. This proves (3.40).

It remains to prove the quantified uniformity (3.41). Fix 0 < 0 < €g/2. For every t € [gg, 1],
construct x; s from one fixed smooth transition profile so that it vanishes on |v| <t — ¢ and
equals one on |v| > t. All these profiles vanish on a fixed neighborhood of zero, and their
transition points remain in a fixed compact set. Hence, for each fixed r, J,

sup Gy Jx,s < 9, (3.72)

tG[eo,El]

where the bound may depend on the presently fixed §. Every periodization and multiplier
estimate above is consequently uniform in ¢. In particular, (3.43) and the bound for Z?\([ give the
explicit common estimate

sup HY’“ S ] < Llog L + Cs(L + (log L)*) = 05(L?).
te[ao,al
Equivalently,
sup HY]’V“‘S , = 0s(L). (3.73)
tE[Eo 81

Let Fy(t) denote the sharp sum in (3.41), and put Dy; = Fyx(t) — Y3, This difference is
supported on
t— 9 < |pdp| <t.

Each active summand is O, (1). Moreover, its reduced fraction satisfies

1
2p?

dp
p

‘a <*<

Legendre’s criterion therefore makes g,/p a continued-fraction convergent. Since consecutive
convergent denominators satisfy Q42 > 2@, the number of active p < N is O(L), uniformly in
« and t. On the other hand, direct cell integration gives, uniformly in t,

1
p
| X i scpsien, - da <26 3 20) 1 o) < o (3.74)
0 p<n p<N

The O(§) term harmlessly covers the endpoint cells for p = 1. Pointwise Cauchy—Schwarz,
followed by (3.74), yields
sup || D3 <o 0L (3.75)

t€leo,e1]

Combining (3.73) and (3.75),

limsup sup L[| En(t)]ly <ep V.

N—oo t€lep,e1]

Letting 6 | 0 proves (3.41). Thus the order of limits is: first N — oo with ¢ fixed, and then
00. O
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3.4 The complete small-jump estimate

Proposition 3.5 (Minor-arc truncation). For every v > 0,

1 No.
Alim limsupLeb v : — Z Vi 5 p) >y =0. (3.76)
o0 Nvoo p<N, (pap)=1 PP
Lipép|>A

Proof. Fix 0 < ¢ < 1/4, and abbreviate
vp = pop, &p = Ly, up, = N, mod 1.

Let

Proposition 3.4 gives ||Fy(e/2)||2 = o(L).
For all sufficiently large IV, the fixed-profile cutoff used in Proposition 3.3 yields the exact
decomposition, outside null boundary sets,

v
> ) b+ vie + B - B (3.77)
p<N, (pgp)=1 P
|€p>A
where
V(up)
Eya= Y (-nllglan -,
P<N, (p,gp)=1 P
A<|gp|<24
V(up)
Ex.= Y. B(vpl/e)—2
p<N, (p,gp)=1 P
€/2<|vp|<e

This identity, rather than a containment argument, is needed because cancellation does not
compare a weighted transition sum with its containing sharp band.
The near term satisfies
lim sup L_QHY]%?XEH% < A1
N—o0

by Proposition 3.3. For the lower transition, define P to be the limiting Poisson process in

Lemma 4.1, and put
V(u)

§

Lemma 4.1 and the continuous mapping theorem (the boundary has zero limiting intensity) give

ha(§,u) = (1 =n(I€]/4)) Lacigi<2a

lo

N, A
INA [ dp.
i3 /AP

The process in Lemma 4.1 uses p < N; the omitted p = N term is nonzero on a set of measure
O4((LN)™1), so it does not affect this convergence. The limiting shot has mean zero by symmetry

in £, and
1 1
Var(/hA dP) = —/hA &u)dedu < —.
@y J e A
Thus Portmanteau and Chebyshev bound its contribution to (3.76) by O(A~1y~2).
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It remains to justify the upper transition. Put ro =¢/2, r1 = ¢, and h(t) = 5(t/e). Stieltjes
layer cake gives exactly

EX. = h(ro)Fy(ro) + / Y W) Fy (t) dt.

This identity follows first pointwise in «, by applying the one-variable Stieltjes identity to each of
the finitely many shots and then summing. As a map from [rg, 1] to the separable space L?(T),
t — Fy(t) is strongly measurable: its joint representative is measurable in (¢, «). Moreover, for
fixed N, throughout this interval

N[[Vloo

|FN(t7 O‘)‘ <
To

so it is Bochner integrable. The pointwise identity is therefore also an identity in L?(T).
Minkowski’s inequality and (3.41) therefore give

up
HEN,e

1 Fn(t
B (\h<ro>|+ / \h’(t)!dt) aup 1002 g
L T0 ro<t<r; L

Apply Chebyshev to the near term, use the preceding bounds in (3.77), and finally let A — oco.
This proves (3.76). O

4 The marked Poisson process and the limit law

4.1 A continued-fraction marked Poisson theorem

Let m be normalized Haar measure on T. We prove the one-dimensional marked theorem
directly; no rank-two specialization of a Rogers formula is used.

Lemma 4.1 (Signed marked resonances). For a uniform on T, the point process

Qv = Z 5(10gp/L, Lpép, N6, mod 1) (41)
1<p<N
(pgp)=1
converges vaguely on [0,1] x (R\ {0}) x T to a Poisson process with intensity

6 1

Adtd€d A= — = —. 4.2
Consequently,
PN =Y. O(Lps, N6, mod1) (4.3)
1<p<N
(p,ap)=1

converges vaguely on (R\ {0}) x T to the Poisson process with intensity
Ad€ dm(u). (4.4)

Proof. Roadmap. We first establish the unmarked factorial measures in deterministic continued-
fraction index time and transfer them from Gauss to Lebesgue measure. We then prove asymptotic
Haar marking by an oscillatory cylinder estimate, treating early and late configurations separately.
Finally, factorial measures are upgraded to point-process convergence, index time is replaced by
denominator time, and the endpoint time layers are restored by a direct rational-cell estimate.

Convergents and rare digits. Write

a=[0;a1,az,...]
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and denote its regular convergents by P, /@y, with
Py=1 P =0, Q-1=0, Q=1

Let T(x) = {1/z}, x, = T"a, and y,, = @Qpn—1/Qn. The determinant identities for convergents
give

en

o

These identities include n = 0, with yg = 0.
Fix B < oo. If a point in (4.3) satisfies |Lpd,| < B, then, for all sufficiently large N,

In_ _ ! (4.5)

0, = .
" 1+ 2nyn On41 + Tnt1 + Yn

Qna— P, = (—1)"

1

dp
’a et

p

Since ¢,/p is reduced, Legendre’s criterion [9, Chapter II, §7, Theorem 19, p. 30] says that it is
a convergent. Thus, on every fixed {-window, (4.1) is exactly

Z O(1og Qu/L, (—1)"LOn, (~1)" N6y /Qu mod 1)- (4.6)
Qn<N
Let vg be Gauss measure,
dve(z) = _dz
G Jog2 (1+z)
Set
121og 2

T2

The continued-fraction digits are exponentially ¥-mixing: there are C > 0 and ¥ > 1 such that,
if
Fea(al,...,aj), Hea(aj+d,aj+d+1,...),

then
lvg(FNH)—vg(Flvg(H)| < Cé‘_dug(F)yg(H). (4.7)

We use the form and notation recorded in [5, (1.7)]. We record two consequences of (4.7) that
will be used repeatedly. Suppose that <7 and 7 are o-fields for which

lva(AN B) —vg(A)vg(B)| < nvg(A)va(B) (Ae o/, BeJsxt).
Then, for arbitrary complex-valued Uy € L'(&) and Uy € L*(#),
[Eve (U1U2) = (BugUr) (BugUz)| < 20 By [Ur| Eug|Us|- (4.8)

Indeed, for nonnegative simple functions this follows by expanding both functions into indicator
functions and applying the event inequality term by term. Monotone convergence gives the
result for arbitrary nonnegative integrable functions. For a complex function Uy, write

Up = (RU)™T — (RUL)™ +i((SU)T — (SU1)7),

and similarly for Us. The sums of the L'-norms of the four nonnegative parts are at most
V2E|Uy| and V2 E|Us|, respectively, which proves (4.8).

A second consequence is the following quasi-Bernoulli bound. If m; < --- < m, and
Ej € o(am,;), then

v (ﬁ Ej) < . L ve(Ey). (4.9)
j=1 j=1
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To see this, expose the events from left to right and apply (4.7) at each step. Every gap is at
least one, so each application costs at most 1 + C¥~!. This explains precisely what is meant
below by the quasi-Bernoulli bound.

For a compact interval J € (0,00), the last formula in (4.5) gives, on the event L6, € J,

1
—. 4.10
<7 (4.10)

16, -

an+41

The same conclusion, with a constant depending on a fixed enlargement of J, holds when
L/ap+1 € J. Indeed, either event forces a, 1 <y L, and

L L 2L
ant1l  Gngl + Tpg1 +Ynl — a2y

Thus, whenever either of the two indicators differs from the other, both value coordinates lie in
one fixed compact subset of (0,00), and one of them lies within O;(L~!) of an endpoint of J.
Moreover, direct summation of

2
vg(ar = q) = ! 10g(q+1) - <1+O(q3))

T log2 Cqg+2)  log2 \¢?
shows that I 1
ZeJy= O (L72). 4.11
VG{al < } Llog2+ , ) ( )

Unmarked factorial measures. We give the factorial-moment argument explicitly. Fix r, compact
index-time intervals I;, compact value intervals J; € (0,00), and prescribed parities. Put
br, = [Cmixlog L], with Cpix large, and sum over distinct positions n; € xLI; having the
prescribed parities. For the digit events

An,j = {L/an+1 S Jj},

(4.11) gives

|Jj| -2
(L™9).
Llog2+0J]( )

If the ordered positions have successive gaps at least by, repeated use of (4.7) gives

VG(AHJ) =

VG(ﬁ Anj,j) ~ [T ve(n,) (1+0.7). (4.12)
j=1

J=1

If some gap is smaller than by, there are only O,(byL"~!) possible tuples. Applying (4.7)
successively with gap one bounds every such intersection by O,(L~"). Hence all short-gap tuples
contribute

O,(br,/L) = o(1). (4.13)

For a value-window endpoint z > 0, the replacement error in (4.10) is contained in
{dist(L/an:1,2) < C/L}.

whose probability is O,(L~2), by the same direct digit summation as in (4.11). Combining this
boundary event with » — 1 ordinary rare events and using the gap-one bound shows that the
sum of all replacement errors is O, (L"L~*D) = O, (L~1).

Thus (4.12), (4.13), and the Riemann sums over the index windows prove convergence of
every unmarked factorial measure in deterministic index time. The number of integers of either
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parity in xLI; is $xL|I;| + O(1), and x/(2log2) = 6/7% = A. Explicitly, for prescribed parities
and labeled intervals as above,

3 ve (ﬁ{wnj € Jj}> ENY ]‘[ LI, A= % (4.14)

n;ExLI; j=1 j=1
ni,...,ny distinct
n; of the prescribed parity

We now prove explicitly the uniform moment bounds that will be used below. Let .#1 be
any union of a fixed number of deterministic index-time windows, so that #.4;, = O(L), let
K & (0,00), and put
Rp= Y l{p,.ek}
negr,

Since .
0, = , 0 < Tpt1+yn < 2,
" Apt1 + Tl + Yn nr Yn

the event LO,, € K implies cx L < apy+1 < CgL for suitable positive constants cx, Cx. The
latter one-digit event has Gauss probability O (L~1). Therefore, for every fixed s > 1, (4.9)
gives

Ev(Rp)s= Y. va (ﬁ{wnj € K})

Nny,...,Ns €I, j=1
all distinct
s
< Y wva|(VexL <anjp1 < CkL} | <k L°L™° <k 1. (4.15)
ni,...,ns €I, j=1
all distinct

Here (z)s = x(x —1)---(z — s + 1). Since dLeb /dvg = log2 (1 4 z) is bounded, the same
estimate holds under Lebesgue measure. Finally,

S - S

1= { } (RL)j (4.16)

— | J
J

where the braces are Stirling numbers of the second kind. We have therefore proved

supE,, R} + sup Epep R}, < 00 (s >1). (4.17)
L L

Denominator time and the unmarked intensity. The exact identity

n—1

log(Qn + Qn_12,) = Z —log x; (4.18)
3=0

holds. The Gauss map preserves v [9, Chapter I1I], and its ergodicity also follows directly from
(4.7). Since —logx € L'(vg), Birkhoff’s ergodic theorem [1] implies, locally uniformly for s > 0,

log @ |kLs]|

7 — s in probability. (4.19)
Indeed,
1 2 1
“logzd - .
/0 og x dvg(x) 21082 K,
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and the two sides of (4.18) differ from log @, by at most log 2. To obtain the claimed uniformity,
write ., = 3., —logz; and 7 = k~!. On every Birkhoff generic orbit, for any C' < oo and

j<n
d > 0, choose ng so that |-, — nr| < on for n > ng. Then
! S — | < C5, - max | F — | — 0
—  max —nr — max —nr )
L no<n<CL " - ’ L n<ng = ™

First let L — oo and then § | 0. Together with the bounded difference above and the harmless
floor in |[kLs|, this proves (4.19) locally uniformly. Since Lebesgue and Gauss measure are
equivalent, the same almost-sure statement holds for both.

Equations (4.11) and (4.19), together with the parity restriction in (4.5), show that each

signed half has intensity
K 6
= —. 4.20
2log2 72 (4:20)
Thus the deterministic index-time unmarked process has intensity A, and (4.19) identifies the
candidate denominator-time intensity. The rigorous process-level time change is carried out after
marked convergence below. The uniform factorial bounds needed in that argument have already

been proved above.

Transfer from Gauss to Lebesque measure. We next make the transfer from Gauss measure to
Lebesgue measure quantitative. Put

B dLeb

w =

ot =log2(L4x), o =o(ar....a)

and set
wy, =Eyg(w | o, ).

We choose the version of this conditional expectation which is constant on each half-open
depth-by, cylinder and, at every rational endpoint, assign one of the two adjacent cylinder values.
The endpoints form a null set for both measures. A depth-b continued-fraction cylinder has
length

1 )
Qu(Qb + Q1) =L

Since w is Lipschitz and this cylinderwise conditional average lies between the minimum and
maximum of w on the cylinder,

lw = wllee < Fy %y = o(1). (4.21)

Also wy, is uniformly bounded and E, ,w;, = E,,w = 1.

We record an aggregate version of this transfer. Suppose that Xy, is a collection of integrable
functions, each measurable with respect to digits beginning at a position dy,, where dy, — by, > L,
and suppose that

> EuelXal = 0(1).
n
Using w = wy, + (w — wg), followed by (4.8), gives
Y [ErebXn — Eug Xa| < [lw — wrlloo Y Eug | Xnl
n n

+2097 LR, Jwy | Y By | Xa| = o(1). (4.22)

For deterministic index-time intervals bounded away from zero, the earliest relevant digit position
is >, L. Apply (4.22) specifically to the digit-replaced tuple functions

r
Xn = H 1Anj,j7 An,j = {L/an+1 S Jj}.
j=1
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These functions are measurable with respect to the digit future beginning at the earliest a1,
and their summed L!(vg)-norm is O(1) by (4.15). Thus their factorial limits are the same under
Gauss and Lebesgue measure. The earlier aggregate O(L~1) replacement of the exact events
{LO,; € Jj} by Ap; ; also holds under Lebesgue measure, because

Leb(E) < [[wle va(E)

for every error event F. This transfers the exact-0 unmarked factorial limits without treating an
exact-0 event as a future digit event. Equivalently, one may first discard the initial 2b;, positions,
whose expected rare count is O(br,/L) = o(1), and retain a gap of by,. The lower endpoint is
restored by the direct cell estimate (4.52) below. This proves the same unmarked factorial limits,
moment bounds, and time change for Lebesgue measure.

The following exact one-point calculation is a consistency check and is not used in the
multi-point argument below. Conditional on a continued-fraction prefix through n, Lebesgue

measure gives the tail x,, density
L+ yn

(1 + JUnyn)Q
Under z = Lz, /(1 + 2pyn) = LBy, this becomes exactly (1 + y,)L ™1 dz. Since

N
(—1)HTana

n-

N(Qna_Pn>:

for every nonzero h € Z and compact interval J,

/e(th)dz‘S LQ".

J LQ, 2|h|N

This tends to zero uniformly on @, < N'7¢. The joint independence of several such marks is
the content of the oscillatory argument below.

The oscillatory marking estimate. It remains to show that the torus coordinates in (4.6)
become independent Haar marks. We prove this through the Fourier coefficients of the factorial
measures. Fix r, compact positive value intervals, prescribed parities, and compact deterministic
index-time intervals contained in [e,1 — ¢]. A general labeled r-th factorial rectangle is a sum
over distinct indices, without an a priori order. Partition that sum according to the at most
r! possible relative orders of the indices, and, in each part, relabel the time intervals, value
intervals, parities, and Fourier frequencies accordingly. It is therefore enough to treat one such
part. For ordered indices ny < --- < n,, attach the Fourier factor

exp (271'1]\7 Z hj(Qn,a — Pnj)) , h=(hi,...,hy) €Z". (4.23)

j=1

We claim that the sum of the corresponding mixed factorial moment converges to zero whenever
h # 0. When h = 0, the unmarked calculation above gives the required product measure.
Choose
0 <A< p/100, 0 < p < e/100. (4.24)

Partition the deterministic time intervals into boxes of diameter at most A. For each resulting
ordered box configuration, write t; < --- < ¢, for representative times. Discard the whole
configuration if |t; — t;| < 11p for some i # j. There are finitely many configurations for fixed
A, p; the unmarked factorial convergence already proved above shows that their aggregate mass
converges to the corresponding product-Lebesgue mass. The latter is O, (p), since it lies in the
union of (3) diagonal strips of width 22p 4+ 2A. Thus this deletion costs O,(p) + o(1). In every
retained configuration, arbitrary actual times in the chosen boxes differ by more than

11p — 2A > 10p.
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In particular, all ordering and separation restrictions are imposed by the boxes themselves,
rather than by a later tuplewise deletion.
The unmarked factorial bounds also allow us to work on the following event. Fix once and

for all C, > 3, and set
log Qy, n
—— | <A}, 4.2
L kL |~ } (4.25)

Or.a = { sup

0<n<C\L

The probability of its complement tends to zero by (4.19). Since the rare counts have bounded
moments of every fixed order, their factorial powers are uniformly integrable. Indeed, for every
fixed r, (4.17) and Cauchy—Schwarz give

E[Ry1g: | < (ERY)2P(GE 2)'/? = o(1). (4.26)

Here E, P may refer to either Gauss or Lebesgue measure, because (4.17) transfers as above and
dLeb /dvg is bounded. Therefore inserting or deleting Gy, o changes the factorial moments by

0(1) On QLA,

thfZA < an < th+2A. (427)
Let k be the largest index for which hj # 0. The time separation and (4.27) give
D:=> hjQn,,  |D|=pn Qn,. (4.28)
J<k

Indeed, for j < k,
Qn; < Nt—tHA o No10046A _ o (q)
Qn
s0 D = hiQn, (1 + o(1)), uniformly over the retained tuples. The integer numerator terms in
(4.23) disappear, so its phase is e(NDa).
For a block ending at ny, let

Bn,f = m {th_QA < Qn]- < th+2A} . (429)
Jj<t

This event is measurable on the cylinder through n,, and it contains Gy A for every retained
tuple.

Oscillatory cylinder-sum estimate. We isolate the estimate used in both the early and late cases.
Fix 1 <l <r, let A,...,% be the integer index boxes corresponding to representative times
t1 < --- <ty, and assume that k < ¢ is the largest index for which hy # 0. Thus #.%; = O(L).
For n = (nq,...,ny), put, cylinderwise,

L
D= hjQn,,  Eng=DBneN [ {Lby, € J;}.

i<k j=1
Then .
> / e(NDn(a)a)1g, ,(a) da‘ Kppg LN e 1mtt 64, (4.30)
TLijj 0
ny<--<ng

Here is the complete count. Decompose the integral for a fixed tuple into the half-open
continued-fraction cylinders C' of depth ny. On C, all P,;,Qn;, j < ¢, and hence Dy, are
constant. Moreover,

LOp; = (=1)" LQn; (Qn; — Pn;)
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is affine in a. The intersection of C' with all value constraints is therefore either empty or a
single interval I ¢, and By, ¢ is constant on C. By the separation of the representative times
and By,
IDncl = [hie|Qny = D |hj|Qn; >n N 22
i<k

for all sufficiently large N, uniformly over the retained tuples. Consequently,

1
< N-1-tet24 4.31
= *V[Dacl < .

/ e(NDp ca) do
In,C

A finite regular continued-fraction word is determined by its reduced terminal convergent
P/Q, apart from the two usual terminal expansions. Indeed, the unique canonical expansion
has last digit at least two, and its only alternative replaces the terminal digit a by a — 1,1; the
Euclidean algorithm gives no other finite expansion. Hence the number of all finite cylinders
whose terminal denominator is at most R is at most

23" (@) +0(1) < R?.
Q<R

On B,y we may take R = N t+2A - Once the deepest word, and hence ny, is fixed, there are
at most O(L*~1) choices for ny,...,ny_;. Notice that the cylinder count already includes the
summation over ng; no additional factor L is present. Multiplying this count by (4.31) gives

0—1 a12tp+4A AnT—1—1t1+2A
LI N2teHA -1t 28

which proves (4.30).

Replacing 1g, , by 15, , changes the aggregate factorial expression only on G A, hence by
o(1) in view of (4.26). We use £ = r in the early case and ¢ = jy only for the preﬁx7 marginal in
the late case; no future denominator condition is passed through a mixing estimate.

Early and late oscillatory cases. Put o = (1 + t;)/2. Discard every remaining box configuration
for which
|tj —o| <4p for some j > k.

The unmarked product factorial measure bounds the prelimit discarded mass by O,(p) + o(1).
If every later event has time below o — 4p, apply (4.30) with ¢ = r; its exponent is at most
—8p + 6A, so the contribution is o(1).

It remains to treat the case in which a later event has time above o + 4p. Let jo > k be the
last event below o — 4p; include all constraints through jp in a prefix block. Write

n_ = (niy,...,nj), N = (Njg4i,---,Nr).
Put s = 0 + p and use the deterministic depth
ms = [kL(s +2A)]. (4.32)

Define the genuinely prefix-measurable event

~ <A

4.33
L wkL| — ( )

QZ,A(mS) = { sup log @n n }

0<n<mg

We have G, A C G} A(ms) C Bnyjy, and the complement of G; 4 (ms) has probability o(1). For
the second inclusion, each retained index satisfies

nj

kL J

<A
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combining this with the defining bound for G; A (m;) gives |L ™! log Qn; — tj| < 2A, exactly the
condition in By j,. Here my < CL for all large N, by t;, < 1 —¢ and (4.24), so the first inclusion
uses only the range present in (4.25). On G, A (ms),

Qms > NS+Aa Mg > Mjy, Njo+1 — M > CpL-
Indeed,
o g 4pr A, s oqpron,
kL kL
while

Tjo+1 ms -1
> — — < .
- o+4p— A, - oc+p+2A+0(L7)

The two index gaps are therefore bounded below by a positive constant times pL. The lower
bound for Q,,, follows from m/(kL) > s+ 2A and the defining error A in G, A (ms).

Late case: freezing the prefix. Let 4. denote the retained prefix tuples. Define first the
shallow-cylinder prefix function

Ga_(a) = e(NDu_(a)a)1g,, (@) [ Liz6,, ey

J7<jo
The explicit cylinder estimate (4.30), now with ¢ = jo, gives

Z ’ELebGE,’ < [o—1 N2tjg—1—tx+6A
n_eAN_

< LTI NT8F6A — (1), (4.34)
Next replace the local denominator event by the genuinely prefix-measurable good event:

Gh (o) = e(Nan(a)a) 1g£’A(m5)(O‘) H 1{L9nj (@)ed;}

J<jo

Since G, A(ms) C Bnj,, the two functions agree on G, , (ms). Thus

Z ELeb

n_cA_

G, — fof‘ < Erep {Rfl(g;A(ms))C}

< (B RP*) /2 Leb((G;, o (m))'? = o(1). (4.35)

We now freeze this function on depth-mg cylinders. Let %;,, be the half-open continued-
fraction cylinders of depth myg, which partition the irrational points up to a null set. We keep one
fixed half-open endpoint convention and assign all rational endpoints arbitrarily; every identity
in this paragraph is consequently an almost-everywhere identity, which is all that the integrals
require. For every C € 6,,,, choose an irrational representative ac € C, and write

Dn,,C = Z thnj (C)

i<k

The event G, A (ms) is constant on every such cylinder. Define

Fo_(a)= ) 1le(@liceg:  maye(NDn_cac) [ Lo, eres- (4.36)
CECrmy ’ J<Jjo
This function is bounded and o (a1, ..., am,, )-measurable.
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A depth-m; cylinder has length at most anz. On a cylinder retained by G; A(ms), the
denominator bounds above imply

N1+tk+2A )
ZIEIIC)‘ |6(NDH77CO‘) - e(Nan,CO‘C)‘ <h W = Oh(N_ p) = 5N~ (4.37)
Similarly, since t; < t;, < o —4p,
LQ?.
) — ) < J
21612 Lo, () — Loy, (ozc)’ <.
& LN 20 ) < [NTIOPRA —py (< o).
(4.38)

For an interval J, write J for its closed n-neighborhood. The two freezing estimates give
the pointwise bound

’Gr:, - Fn_| <N H 1{L9nj€JJ(’7N)}

J<jo
+ Z L{dist(L6n, ,00;)<nn } H L6, camy (4.39)
i<jo i<jo 7
J#
For every fixed z > 0, uniformly for 0 < n < min(1, z/2),
0 n, 2
vo{|Lon — 2l <} <z 7 + 13- (4.40)
Indeed, on this event L#,, remains in a fixed compact subset of (0, 00), and (4.10) places it inside
=+ %)
—z —= .
An+1 =1 L

Direct summation of the one-digit probabilities proves (4.40).

For intersections with the other rare constraints, enlarge those constraints to their corre-
sponding one-digit events and use (4.9). There are O(L?) prefix tuples, so the total contribution
of any one boundary coordinate is

0] (Ljo ("g + L12> L<J’01>) =0y +L7).

The first term in (4.39) contributes O(dy) by (4.15). The densities of Gauss and Lebesgue
measure relative to one another are bounded, so the estimates hold under either measure.
Consequently,
> Eren|Gn — Fa | <on +ny + L7 =0(1). (4.41)
n_eN_

The same calculation with all r rare factors present gives

Z Ereb (‘Gn_ - n,| H l{LanEJj}> = 0(1). (4.42)

n—,nt 7>730

More precisely, after enlarging every exact rare event to its one-digit event, the phase term in
this sum is

OWNL"L™) = O(on),

whereas a term with one prefix boundary strip is

r (1IN 1 —(r—1 -1
O(L <L+L2>L( )>—O(77N+L ).

37



There are only jyo < r possible boundary coordinates. This proves (4.42) without multiplying a
merely prefix-level error by the number of future tuples. Combining (4.34), (4.35), and (4.41)
proves the required absolute summability, because

> |ErebFa | <D [ELevGh |+ Eren|Ga — Gh |+ Eren/Fa. — Gy_|.

n_

Thus

Y |ErenFu_|=o(1). (4.43)
n_eAN_

The frozen factor is itself dominated by enlarged one-digit rare events. In fact, if Fy, (a) # 0
and a € C, then (4.38) gives

Lby,(a) € J™) (5 < jo).

Applying (4.10) on this fixed enlarged compact window, with a constant uniform in j < jg, yields

|Fn, (Oé)‘ < jgo l{L/anj+1eJ](."N+CJ/L)}' (4.44)

Late case: prefiz—future mizing. All later mark frequencies are zero. By (4.10), their exact value
constraints can be replaced, with aggregate error o(1), by the one-digit constraints L/a,+1 € J.
To see that this remains true after multiplication by Fy,_, use (4.44). If a single future indicator
changes, its digit lies in an endpoint strip of probability O(L~2); the frozen prefix and the
remaining future coordinates are bounded by r — 1 one-digit rare events of probability O(L™!).
Hence (4.9) gives the full aggregate bound

oL L2~y = o(L ™).

Let Hy, denote the product of these future one-digit indicators, and let .4, be the retained
future tuples. Then Hy, is measurable with respect to digits beginning at an;,41+1, at distance
at least c¢,L from the prefix o-field. For the fixed separated collection of index boxes now under
consideration, every retained prefix tuple precedes every retained future tuple, and the boxes
themselves enforce all ordering and separation conditions. Hence the retained full tuples are
exactly the Cartesian product A4~ x 4., which justifies the product double sums below.

We also replace the global event Gy, A by G, A(ms). Since the former is contained in the
latter, note explicitly that on any fixed digit window L Jant1 € Ko € (0,00),

L L 2L
An+1 an+1(an+1 + XTpe1 + yn) ani1

Thus all digit-replaced events occurring below are contained, for large L, in a fixed enlargement
of the corresponding exact #-windows. Take Ry here on a fixed slightly enlarged compact value
window containing every exact prefix window, every enlargement in (4.44), and every digit-
replaced future window. It therefore dominates every summand that occurs in this replacement,
and the aggregate difference is at most

E|Rj1g: | =o(1)

by (4.26). Together with (4.42), this shows that the late part of the original factorial Fourier
coeflicient is

Z Z IELeb (Fn_ Hn+) + 0(1) (445)

n_eAN_nieM,
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Recall w = dLeb /dvg and wy, = E,,(w | ai1,...,ap,). Since by, < ms, wrFy_ is prefix
measurable. The estimates just proved, together with (4.15), give

Z]E,,G\wLan\ =0(1), ZIEVGHn+ =0(1).
n_ n+

The functional mixing inequality (4.8) now yields the aggregate covariance bound

Z |E1/G (wLFn, Hn+) - Eug (wLFn, )]EI/GHII+|

n_,ng

< 209l (Z E,,GwLFn_|) (ZE,,GHH+> =o(1). (4.46)

n_ n4

Applying the same inequality to |Fy,_| and Hy, shows that

> EuglFa_ |Hn, = O(1).

n_,nt

Thus replacing w by wy, in (4.45) costs at most

”’U} — wLHOO Z Eug‘Fn, ’Hl‘l+ = 0(1)

n_,n

Moreover,
Z |]E1/G (wLFn_) - IELebF‘n_ | < ||w - wLHOO ZEVG|FH—| = 0(1) (447)

n_ n_

For completeness, (4.22), applied to the future tuple indicators, also gives

Z |ELean+ - Euan+‘ = 0(1) (448)

ny

Combining (4.45), (4.46), (4.47), and (4.43), the absolute value of the late contribution is at

most
(Z [Eren Fy _I) (ZEVGHH+) +0o(1) = o(1).

Finally let N — oo, then A | 0, and then p | 0. We have proved that every nonzero joint Fourier
coefficient of the marked factorial measures vanishes.

Signed extension and the point-process criterion. We have so far written the argument for positive
value intervals and prescribed parity. This covers the whole signed state space. Indeed, by (4.5),

(-=D)"LO, >0 <= niseven.

Thus an interval J € (0, 00) selects even indices, whereas an interval J € (—o00,0) selects odd
indices after reflection to the positive interval —J. Reflection preserves Lebesgue length, so both
signed halves have the same intensity. Every compact subset of R \ {0} has positive distance
from zero and is the union of its positive and negative parts. Finite disjoint decompositions
therefore reduce every relatively compact signed rectangle to the two cases just proved. No
rectangle accumulating at zero is needed, because such a set is not relatively compact in R\ {0}.

Trigonometric polynomials are uniformly dense in the continuous functions on T". The zero
Fourier coefficient is the unmarked product factorial measure, and all other coefficients vanish.
Hence, the factorial measures converge weakly in the torus variables. For a Haar-continuity
rectangle, sandwich its torus indicator between continuous functions whose Haar integrals differ
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by an arbitrarily small amount; the uniform unmarked factorial bound controls the corresponding
aggregate error. Therefore, on [e,1 — ¢, all limiting factorial measures are

N TT dt; dg; dm(uy).
j=1

We now spell out the passage from factorial measures to point processes. Let

Oy = > S(nj(nL), (“1)7Ln, (=1)7NOn /O mod 1)
n>0

be the process in deterministic index time. On
B. = [e,1— €] x (R\ {0}) x T,

let Z. be the countable semiring of relatively compact half-open rectangles whose Euclidean
endpoints are rational, whose value-coordinate closures avoid zero, and whose torus endpoints
belong to a fixed countable dense subset of T. A torus arc that wraps around zero is split
into two arcs. This is a dissecting, convergence-determining semiring, and every member is a
continuity set for the diffuse measure

A = \dtd§ dm.
Take pairwise disjoint By, ..., B, € #., and write Xy,; = On (B;). The factorial-measure
calculation above gives, for every si,...,s, > 0,
q q
ET](Xna)s — [T AB)™ (4.49)
i=1 i=1

The right-hand side is the joint factorial moment of independent Poisson variables Z; with means
A(By).

Let T = >°; Xn,. After reflecting every negative value window to its positive magnitude,
Ty is bounded by a finite union of rare counts of the form used in (4.15). Consequently, for
every fixed m,

sup E(TN)m < o0, sup ETy < oo,
N N

where the second bound follows from (4.16). In particular, the bound with one order larger makes
every polynomial of a fixed degree in (Xn1,...,Xn,,) uniformly integrable. Every ordinary
joint moment is a finite linear combination of the joint factorial moments in (4.49); hence all
ordinary joint moments converge to those of (Zi,...,7Z;). That law is moment determinate
because its moment-generating function

q
m{ZM&w%JQ
i=1
is finite in a neighborhood of the origin. The multivariate method of moments therefore yields
(XN’l,...,XNg):>(Z1,...,Zq). (450)

For every finite union U of members of Z., we have A(OU) = 0, and the first factorial
moment and (4.50) give

EQN(U) — A(U),  P{On(U) =0} — e 2,

respectively. Kallenberg’s mean-and-void criterion states that these two limits on the finite
unions of a countable dissecting semiring of continuity sets imply convergence to the Poisson
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random measure [6, Theorem 4.7]. Applied to Z. on this locally compact second-countable
space, it therefore gives vague convergence to the Poisson process with intensity A. Notice also
that the mean bound supplies local tightness directly: every compact set is covered by such a
finite union U, and supy EQ ~N(U) < oo, so Markov’s inequality controls the probability of more
than M points uniformly as M — oo. Hence the marked point process converges in deterministic
index time.

Time change and endpoint restoration. We give the time-change estimate at the level of test
functions. Let f be continuous with compact support whose time projection lies in [e,1 — €],
and let

wr(0) = sup  |f(t,&u) — f(t', & u)l.
|t—t'|<5
¢ER\{0}, ueT
Extend f by zero outside a slightly larger compact time interval; then w(6) — 0 as 0 | 0. Because
the value projection of supp f is compact in R\ {0}, choose a compact interval K; € (0,0)
containing

{I€] = (¢,€,u) € supp f}.

Let R(Lf ) count all rare convergents with 0 < n < C,L and magnitude L6,, € K. This contains
every index-time point relevant to f. It also contains every denominator-time point relevant to
f, because @, > F,,+1 and Q,, < N imply n < C,L for all sufficiently large N. By (4.17),

sup ER(Lf) + sup IEJ(R(Lf))2 < 00.
L L

On Gp A, with A < e/2, every relevant convergent satisfies

n logQn

— — < A.
kL L

Moreover, a point with either time coordinate in supp f has the other coordinate in [¢/2,1—¢/2].
In particular @, < N, so the cutoff in (4.6) is present on both sides. Using the continued-fraction
identification (4.6), we obtain

(On, f) = (Q. )] Sws (AR on Gua. (4.51)

(f)

On the complement, the same difference is at most 2| f||c R} ’. Hence

E[(Qw. f) = (O, f)] < wi(MERY +2| flE [RY 14 , |
< Op(wf(A)) + on—oo(1),

where Cauchy—Schwarz, the second-moment bound, and P(Gf 1) = o(1) were used in the last
line. First let N — oo, and then let A | 0. The converging-together argument for a countable
convergence-determining family of such f’s transfers the marked process from index time to
denominator time on every fixed interior layer. The endpoint layers are restored next by the
direct cell bound.

It remains only to restore the two endpoint layers. Here no time-change argument is
needed. Directly subdividing « into the reduced rational cells about ¢/p gives, for every set of
denominators I C [1, N),

E#{pel:(pqy)=1I|Lpdy| < B} < ? >, “0;5) +O0p(L7). (4.52)
pel
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Indeed, for each of the ¢(p) reduced numerators the relevant a-interval has length at most
2B/(Lp?). For p > 1 these reduced cells are interior; the Og(L~"') error covers the two endpoint
cells for p = 1. We also have

Z SD — 1 ogz + O(1),

p<lzx

as follows by inserting
olp) _ g~ pld)
Py d

and interchanging the sums. The resulting inner sum uses ,, <, m~! =logy + O(1), while the
leading coefficient is 345 pu(d)/d? = 1/¢(2). Therefore the expected number of points in either
discarded time layer [0,¢] or [1 — &, 1], on a fixed {-window, is Op(e) + o(1). More explicitly,
if f e Ce([0,1] x (R\ {0}) x T), its value projection is contained in {|{| < By} for some By.
Choose a continuous function x. : [0,1] — [0, 1] which is zero on [0,¢] U [1 — ¢, 1] and one on
[2e,1 —2¢|. Then f(t,&,u)x:(t) is a compactly supported continuous test function on an interior
layer, and

E(Qn, f) = (Qn, [xe)| < I flloo (OB, (€) + o(1)).

The limiting Poisson process satisfies the analogous bound O¢(e) by its intensity measure.
Markov’s inequality and the converging-together argument therefore restore the two layers.
Letting ¢ | 0 proves (4.2). Projection in the t-coordinate is proper because [0, 1] is compact, so
the point-process mapping theorem proves (4.4). ]

4.2 Finite Poisson shots

For A > 0, define

XN = (4.53)

PN, (p.gp)=1
|Lpdp|<A
The p = N term may be deleted: the measure of its support is O4((LN)™1).
Continue to write P = {(;,u;)} for the Poisson process with intensity (4.4), and put

X4 — V(uj)

4.54
l€;1<A & o

The sum is almost surely finite and no point has §; = 0.

Lemma 4.2 (Finite-shot convergence). For every fized A > 0,
X N,A =— X A-

Proof. For 0 < r < A, restrict both point processes to r < |£| < A. The shot functional is
continuous at every simple configuration with no point on the boundary, an event of limiting
probability one. Lemma 4.1 and the continuous mapping theorem give convergence of the
restricted shots.

It remains to let r | 0. For the prelimit, a union bound and subdivision into reduced cells
give

Leb{Px((—r,r) x T) > 0} < 2 Z L) <r
L= »’

The limiting probability is at most 2r/¢(2). With probability 1 — O(r), deleting |{| < r changes
neither shot. Let r | 0. O
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4.3 The Cauchy exponent

Lemma 4.3 (Poisson integral). As A — oo,
: t
X4 = X, Eel'™™ = exp (—H) .
2m

Proof. The exponential formula for a Poisson process and symmetry in £ give

log BeltXa — _L_ / ! / 1 (/€ ~1) dude
¢(2) J-ao

A
— C(22)/0 /01 (cos(tV (u)/€) — 1) dudé.

For a > 0,
0 © cosy — 1 Ta
|| costase) 1y ag=a [ " ay =
Moreover,
2V (u)?

0<1—-cos(tV(u)/€) < min (2, > < min(2, C,¢?),

262
which is integrable for £ > 0. Dominated convergence in the nonpositive symmetric integrand
therefore yields

, 1
lim log Eel'¥4 = —7T|t|/ V(u) du.
0

A—o0 C(Q)
Since . )
1 us
Vi) du= — 9)=""
[ vwa=g5 =7
the exponent is —|t|/(27). Lévy’s continuity theorem completes the proof. O

4.4 Completion of the proof

Proof of Theorem 1.1. By Proposition 2.7,
SN — YN

L
For fixed A, the part of Yy /L with |Lpd,| < A is Xn 4. Proposition 3.5 states precisely that the
complementary part goes to zero in probability when first N — oo and then A — co. Lemma 4.2
gives Xy 4 = X4 for fixed A, and Lemma 4.3 gives X4 = X. Moreover, for every 1 > 0, the

union bound gives
Sy — Y]
S n} <P {’NN\ N ’7}

L 2

n

.
SN

lim Li P|l— — =0.

i e {[5 | > f =0

The converging-together theorem [2, Theorem 3.2] now yields
SN
log N

The Cauchy law with characteristic function exp(—|t|/(27)) has continuous distribution function

— 0 in L?, hence in probability.

SN
P|l— — X
{‘L i

Consequently,

XnN.A

== X.

1 1
g(c) = 5t - arctan(2mc).

Weak convergence therefore gives convergence of the distribution functions at every ¢ € R. The
function g is nondecreasing, with limits 0 and 1 at —oo and +o00, respectively. O
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5 Two elementary consistency checks

For completeness, the finite-N law has no atoms. Away from the finitely many points a/k,
k<N,

It is therefore affine with nonzero slope on every complementary interval. Also, away from those
points,
Sn(l —a) =—-Sy(a).

Thus every finite-N law is exactly symmetric and Leb{Sy < 0} = 1/2, in agreement with the
limiting Cauchy law.

The second moment is not uniformly integrable on the logarithmic scale. Fourier orthogonality
gives

1 B (k.’g)Q
| wkayvita) da = o

so positivity of all covariance terms and the diagonal terms give

< SN )2_ VarSy N
logN/)  (logN)2 = 12(log N)?2

Thus {(Sn/log N)?}x is not uniformly integrable. This divergence of second moments does not
contradict the weak convergence in Theorem 1.1.
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