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Abstract

Let f(n) be the least possible largest factor in a representation of n! as a product of
distinct integers, all larger than n. We propose the exact asymptotic

lim (f(n) —2n)logn 4029639598
n—00 n "~ 25970038185

The lower bound is a thirteen-layer valuation cut. The upper bound uses an exact cofactor-
allocation certificate, central-binomial anchors, a guarded rough-signature selector, a marked
friable-number covariance bridge, a finite-band tangent correction, and deterministic column-
sparse rounding with a precharged universal switch bank. The complete finite allocation
certificate and its exact checker are supplied in the companion file numerical_verifier.py.
This proposed solution was found by GPT-5.6.
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1 Introduction
For an integer n > 3, let f(n) be the least possible value of the largest factor in a factorization
n! = ajas---ag, n<a <ag <---<ag.

Thus the factors are required both to be distinct and to lie strictly above n. Erdés, Guy and
Selfridge proved that there are absolute constants 0 < ¢; < ¢y for which

n

2n + ¢ < f(n) <2n+cy

logn logn

for all sufficiently large n, and they asked whether the second-order term has an asymptotic
constant [EGS82, Theorem 3].

Subsequent discussion isolated two features that are useful here. Tao emphasized the
complementary product formulation below and observed that the original lower-bound count
misses further carry intervals [Tao25]. Mausberg made the first thirteen of these intervals



quantitative and obtained the lower-bound constant displayed in (1.1) [Mau26]. The lower-
bound argument in this paper is based on that thirteen-layer obstruction, with an additional
reduction that treats endpoints at or below 2n. We make no claim here about priority beyond
these cited records. For a recent treatment of the related, but different, problem of decomposing
a factorial into a prescribed number of large factors, see Alexeev et al. [ACR™26]; none of its
quantitative estimates is used below.

Define
13
Z (r+1)@2r+1) 4029639598
C, := =L - — 0.1551649469783018S . . . . 1.1
0 > 1 25970038185 (1.1)
peag P—1
p prime

Our main result determines the conjectured constant.

Theorem 1.1. As n — oo,

n n
f(n)=2n+ Coloi +0<logn> .

gn

Equivalently, o]
L ()~ 2m)logn

n—00 n

= Cp.

The proof is most naturally expressed after taking complements. For an integer M > n, put

M!
(n!)?’

Q(n, M) := Z(n,M):= (n,M]NZ.
Lemma 1.2 (Complement formulation). There is a factorization of n! into distinct members of
Z(n, M) if and only if Q(n, M) is the product of a subset of the distinct integers in Z(n, M).

Proof. The product of every integer in Z(n, M) is M!/n!. If one subset has product n!, its
complement therefore has product (M!/n!)/n! = Q(n, M). The same calculation in reverse
proves the converse. O

We briefly describe the proof of Theorem 1.1. The lower bound uses thirteen disjoint layers
of primes P for which vp(Q(n, M)) = 1. The unique selected multiple of such a prime has the
form Pq, with r+1 < ¢ < 2r+1 in layer r. Every cofactor arising in the first thirteen layers has
a prime divisor at most 23. Comparing these forced incidences with the available small-prime
valuations gives exactly the quotient in (1.1).

For the upper bound, fix ¢ > Cy, set

L=1logn, N= % M = 2n + [eN],
and construct a distinct subset of (n, M] with product Q(n,M). The construction has five
interacting parts. First, an exact rational allocation of the large-prime carry layers produces
central anchors; its finite portion is certified by rational arithmetic and its infinite tail by
Nagura’s prime-interval theorem. Second, all factors needed by the integral repair are reserved
in advance, so that their valuation cost is present in the target ledger before any equation is
solved. Third, with y = n?/?, a signed selector matches every complete y-rough signature exactly
and leaves a residual O(N/(pL)) at each prime p € (W,y]. Fourth, marked smooth-number
estimates and the Poisson-Dickman covariance operator fit the smooth row, the fixed head
valuations, the physical logarithm and finitely many exponent bands. Finally, local same-row
switches cancel the remaining medium-prime residual, and a precharged universal bank converts



the fractional point to a 0-1 point without changing any exact row quota. The resulting exact
valuation identity is the product identity required by Lemma 1.2.

The role of the computer-assisted component is deliberately narrow. It checks a finite list of
rational equalities and inequalities for the anchor allocation. The complete finite certificate and
its exact checker are the single companion file numerical_verifier.py; Appendix A records its
precise scope. The analytic tail argument is proved in Section 4.1, and no floating-point output
is used as a premise of the proof.

2 Analytic and probabilistic inputs

This section records the external results used later, together with the specializations needed
in the proof. All limiting parameters appearing below are fixed before n — oco. In particular,
constants may depend on fixed compact intervals, the fixed head cutoff and a fixed finite cell
partition, but never on n or on a marked prime.

2.1 Smooth numbers and the de Bruijn—Saias normalization

Write P*(m) and P~ (m) for the largest and smallest prime factors of m, with P*(1) = 1, and
put

log
U=

U(z,y):=#{m <x:PT(m) <y}, = Togy’

The Dickman function is defined by
p(u) =0 (u<0),
pu)=1 (0<u<l),
up'(u) +plu—1)=0 (u>1).
At transition points it is important not to replace the smooth-number count prematurely by

xp(u). We use the de Bruijn—Saias normalization

o

Mwoy)=a [ plu=v)d(lyly ™). 1)

—0o0
where at integral z the value means the right limit A(x + 0,y). This one-sided convention is
part of the definition in the cited source.

Theorem 2.1 (Hildebrand-Tenenbaum-Saias). For every ¢ > 0, uniformly in

yZ (), 1< u<exp{(logy)"Y,

one has
U(w,y) = Az,y) {1+ 0. (e~ 1en*™ ) 1. (2.2)

On every fized compact u-range contained in [1,00),

Az, y) = zp(u) {1 + O(logf:g;;l))} . (2.3)

For 0 < u <1, the exact identity V(z,y) = |x]| is used instead.

The formulation is Theorem 1.8, (1.29) and Lemma 3.1 of Hildebrand-Tenenbaum [HT93];
the underlying sharp estimate is due to Saias [Sai89]. In our application y = n?/9 — oo, while
all values of u remain in a fixed compact set. Thus both range conditions in Theorem 2.1 hold
with room to spare, and the exponential error is smaller than every fixed negative power of
log n. Formula (2.2), rather than only (2.3), will be retained at terminal and Dickman transition
points.

We shall repeatedly use the following derived marked form. It is included here to specify
exactly what is, and what is not, obtained from the cited smooth-number theorem.



Lemma 2.2 (Uniform marked smooth cells). Let y = n*°, so that U = logn/logy = 9/2, and
put L =logn. Fiz a finite set H of primes, a vector e = (eg)gcy of nonnegative integers, and
fized reals 0 < A < B < 00. Define

he = ng[a My = HE, 59 ::i
leH leH

If d < y* is y-smooth and (d, Mg) = 1, then, uniformly in d,

#{m: An <m < Bn, P*(m) <y, d|m, v(m)=e (€ H)}
O o))

If ¢ has bounded variation on [A, B], the corresponding Stieltjes-weighted form is

> ¢(m/n)

An<m<Bn, Pt (m)<y, dm
ve(m)=es (L€H)

n logd\ [ n
=de—p| U — t)dt+ O —_— oo+ V . 2.5
To(U—122) [ ote)dt + Onnn (G ol + Var}) (25)
Consequently, under normalized counting measure on the unmarked cell,
1p(U —logd/ logy) ( 1 >
P(d == @) — . 2.6
(d]m)=~ A0 +Omas| o7 (2.6)

The conclusions persist under a fized finite disjoint union, or a compactly weighted fixed finite
mizture, of such cells. An overlapping finite family is always first disjointified and then interpreted
through the induced convex mizture.

Proof. The exact valuation conditions are finite divisibility inclusion—exclusion:

Lo, (m)=er (€Y} = Lhalm D (@) Lajm/he-
CL‘MH

After also dividing by d, each summand is a difference of two values of ¥( -, y). The fixed factors
A, B, he,a alter the smoothness parameter by Op(1/L), and p is Lipschitz on the resulting
compact range. Theorem 2.1, with the exact formula below parameter one, therefore gives (2.4)

after summing
1 a
Ly Ma) _ s
© a|MH a

The endpoint floor error is O(1). Since n/d > n/y* = n'/?, it is absorbed by O(n/(dL)). Stieltjes
partial summation proves (2.5); division by the case d = 1 proves (2.6). O

Only exact valuation and coprimality patterns, and finite disjoint unions of them (after
disjointification when necessary), will be called head cells. Lemma 2.2 makes no assertion about
arbitrary nonzero residue classes modulo a fixed integer; such a statement would require a
smooth-number theorem in arithmetic progressions. The bound d < y* covers the marks p, pq,
p¥, and p¥q used below and leaves the genuine cofactor margin n/ yt = nl/9,



2.2 Prime counts and Mertens estimates

We use the classical zero-free-region prime number theorem in the form
m(x) =li(z) + O(;zce_cV logw) (x> 2) (2.7)

for an absolute ¢ > 0; see [MV07, Theorem 6.9]. In particular, if 0 < a < b are fixed and
nt<X<z< nb, subtraction at the two exact endpoints gives

z
w(Z) - 7(X) = / dt O p(ZecnrVET ) (2.8)
x logt ’

The error in (2.8) is absolute. We do not invoke a relative prime number theorem for arbitrary
short intervals. Whenever a relative conclusion is used later, the displayed main term is separately

checked to dominate this absolute error.
Mertens’ estimates, in the forms used here, are

1 1
Zzloglogm—i—Bl—i—O( >, (2.9)
log
p<z
1 —1
H (1—p) =e¢e"logz + O(1).

p<z

See [Mer74] or [MV07, Theorem 2.7(d),(e)]. Thus, for fixed 0 < a < b,

1 b 1
> zloga+0a,b< > (2.10)

y*<p<yd logy
and . _ .

(-3 i olas)

o<y p/  logy log”y

These formulas justify every bounded reciprocal-prime mass used in a fixed-depth expansion.
They also give, for X >y,

1 1IN log X
Z R < H (1 — ) < IOg .

R<X y<p<X p o8y
P=(R)>y

For y = n%** and X < nC, this is O¢(1).

2.3 The interval Selberg sieve

For a positive integer P, define

S(z,H;P):=#{m:x <m<z+H, (m,P)=1}, Lp(R) ::Z

The one-dimensional Selberg upper-bound sieve gives, uniformly in the real translate x,

+O<RQ> (H>0, R>1).

S(z,H; P) < (R

~ Lp(R)

This is [MV07, Theorem 3.2]. Indeed, for weights supported on d,e < R, the elementary interval
remainder is

#{m:z<m<zx+H, [d,e]|m}:[dHe}+O(1).



Take P =[]
lower bound

p<y P and choose Selberg weights supported on d < R = y?. The elementary

w(d —logy+0( ) > logy
d<y ) d<y )

follows, for example, by inserting u(d)? = > a2ja #(a) in the last sum. Consequently,

y4

+ .
logy  (logy)?

#{m:z<m<z+H:P (m)>y}< (2.11)

The weight support is 2, whereas the largest lem remainder modulus is [d, €] < y*; we keep these
two levels distinct. In the exceptional row application, y = n2/9 and H > n!=% /logn, where
8. < 1/18. Hence y* = n%? = o(H), even after logarithmic factors, and (2.11) is O(H/logy)
uniformly in the translated interval.

2.4 The Poisson—Dickman bridge

Let II be a Poisson point process on (0, 1] with intensity dt/t, and set

T::Zt.

tell

Arratia, Barbour and Tavaré proved that T has density

g(t) =ept)  (t>0) (2.12)

[ABT99, (2.3)-(2.6)]. In particular, [5° p(t) dt = €7.
We fix a canonical conditional version at every exact total. For 0 < € < 1, write

.. :=1InN (e, 1], Toei= Y u,

z€lls e

and let T<. be the independent mass of the remaining atoms. After scaling by e, the process on
(0,¢] is again the scale-invariant process on (0, 1]. Consequently T<. has the continuous density

g-(v) = e tg(v/e) (v>0).

If G is a bounded cylinder function depending only on Il.., define

1
E,G = mE[G(H>E)g€(u ~To) g <y - (2.13)
The convolution identity for the density of 7%, 4+ T<. shows that this is a probability law. Here
is the consistency calculation. If 0 < ¢’ < € and G depends only on II-., condition first on I,
in the &’-formula. With V the independent mass on (¢’,¢], the convolution identity is

E[ge(v = V)livay] = g:(v)  (v>0).

Substitution of v = u — T, shows that the two definitions of E,G coincide. The configuration
space of locally finite point measures on (0, 1], with the sigma-field generated by the restrictions
o (g,1], is standard Borel. The consistent finite restrictions therefore define a unique probability
law P, for every u > 0. For each bounded cylinder function, the right-hand side of (2.13) is a
Borel function of u. A monotone class argument, starting from the cylinder events, therefore
shows that u +— P, (A) is Borel for every configuration event A. Thus (P, ),>0 is a probability
kernel, as required for the disintegrations below.



This projective law is supported on configurations of total mass exactly u, rather than
merely at most u. Indeed its restrictions give 75, < u, while the finite-e conditional Campbell
calculation gives directly

_ [Fplu—s)
E{u—-T15.} = /0 o) ds < Cye. (2.14)

Thus u — T~. — 0 in L'(P,), and monotone convergence yields >,y = u almost surely. This
selects the continuous regular conditional version used below, rather than leaving its value at a
probability-zero event arbitrary.

Let Eyy denote expectation under Pyy. Campbell-Mecke and its multivariate form [LP17,
Theorems 4.1 and 4.4], applied first to cylinder functions in (2.13), and then monotone conver-
gence, gives after division by the density in (2.12), for bounded measurable test functions for
which the integrals converge,

EUZF(t)=/01F(S)p(pU(U)S) %, (2.15)
tell
B 32 P60 = | [ reenA e (2.16)

sF#£t

Here p(v) = 0 for v < 0. Since g(U) > 0 for every U > 0, these density ratios define the required
conditional version at the fixed value U = 9/2. In particular, with

p(U —s) pU—s—1t)

h(s) := T K(s,t) := 0

equations (2.15)-(2.16) give exactly the multiplication and covariance kernels used by the smooth-
row bridge. The formulas hold first for nonnegative tests; a signed test follows by positive and
negative parts whenever the right side is absolutely integrable. In every later use F'(t) = O(t),
or a product of two such functions, so (2.14) and |K(s,t)| < st verify the required first and
second integrability.

— h(s)h(t),

2.5 An asymmetric local-lemma criterion

We use the asymmetric Lovasz local lemma in the following standard form [AS16, Lemma 5.1.1].
If events (A4;) have a dependency digraph, and numbers 0 < z; < 1 satisfy

P(A) <o [[ (1—a)) (2.17)
J€T(@)
for every i, then P(N), 4;) > 0.

The collision events later in the proof depend on at most two independently sampled request
variables. Suppose that, for every one request, the sum of the probabilities of collision events
involving it is at most B. A collision event E then has

> P(F')<2B.
E'~E
Set xp = 2P(F). If B <1/8, then

1

E'~E
and, using [[;(1 —2z) > 1 —32; %,

zg | 1 —2p) > 2P(E) (1— > xE> > P(E).

E'~E E'~E
Thus (2.17) holds. The factor 4 between the per-request probability bound and the dependency-
neighborhood z-mass is included explicitly here.



2.6 Nagura’s prime interval

Nagura proved that for every real x > 25 there is a prime p with

r<p< gx (2.18)

[Nagh2]. Consequently, if p_ < p are consecutive primes and p > 401, then p < (6/5)p_, and

( —1)%1 ! cpoop) 3 (2.19)
PoY & e+ 1) 2p? 25° '

The finite allocation certificate is checked through 401; hence (2.19) is invoked only where the
hypothesis of (2.18) is automatic.

3 The thirteen-layer lower bound

We begin with the lower bound. This is Mausberg’s thirteen-layer valuation argument [Mau26],
with a direct preliminary lemma that rules out all endpoints at or below 2n. Put

=" Pui=1{2,3,5,7,11,13,17, 19,23},
logn
and define
N f’: 1 2014819799
13 ‘= = ,
L (r+1)(2r +1) 5736673800
1 17927
= = 3.1
o2 EZ (=1 7920° (3:-1)
GPSHI
. Ais _ 4020639598
0

T Sos 25970038185

For an integer M > n, set
M!

(n)?
We call M admissible if Q(n, M) is the product of a subset of the distinct integers in (n, M].
This terminology is equivalent to f(n) < M. Indeed,

Q(n,M) =

M!
Il o=

-
n<a<M n:

Thus, if one subset has product n!, its complement has product Q(n,M); conversely, the
complement of a subset with product Q(n, M) has product n!.

Lemma 3.1. For all sufficiently large n, no integer M < 2n is admissible.

Proof. Suppose that M < 2n is admissible, and let B C (n, M] N Z have product Q(n,M).
Adjoin every integer in (M, 2n] and call the resulting set B’. The factors remain distinct and

M! (2n)! 2n
I10= (n!)Q(Z\Z[!)_ <n>

beB’

For 1 <r <13, let

2n
£O .= {P ime: —— < P< } 3.2
N prime 7“+1< =911 ( )



if P e £ then
n 2n
\‘PJ =T, \‘PJ = 2r + 1.

Moreover P > n/14, so P2 > 2n when n is sufficiently large. Legendre’s formula therefore gives

up (?) =1 (3.3)

The layers are pairwise disjoint, since membership determines r = [n/P].
Equation (3.3) forces exactly one factor of B’ to be divisible by P. Write this factor as Pq(P).
Because it belongs to (n,2n], the endpoint inequalities in (3.2) imply

r+1<gq(P)<2r+1.

No factor at most 2n contains two primes from the union of the thirteen layers: each such prime
is larger than n/14, and the product of two of them is larger than 2n for large n. Consequently
the forced factors Pq(P) are distinct.

Every integer between 2 and 27 has a prime divisor in Py,. For each P, choose one such
divisor ¢(P) | g(P). Distinctness of the forced factors gives the incidence inequality

13
YL DT D wb)
r=1

LEPsm bEB!

(3.4)
2n
0Pam N\
For each fixed r, the prime number theorem yields
2 1 1
£<o>:< _ 1>N:( 1)1\7. 3.5
1277 2r+1 r—|—1+0() (r+1)(2r+1)+0() (3.5)

On the other hand, for each fixed prime /,

o (2:) _ ; (ﬁﬂ -2 {ZJ) = Oy(logn). (3.6)

Indeed, every summand is either 0 or 1, and only Oy(logn) summands are nonzero. The left side
of (3.4) is (413 + o(1))N by (3.5), whereas its right side is O(logn) = o(N). This contradiction
proves the lemma. O

Lemma 3.2. Asn — oo,

n
> — .
F(m) = 20+ (Co— of1)) oo
FEquivalently, .
lim inf (£(n) = 2n)logn > ().
n—00 n

Proof. Let M be admissible. Lemma 3.1 allows us, for large n, to write
M =2n+h, h > 0.
If h > N, the desired inequality follows from Cy < 1. We may therefore assume

0<h<N. (3.7)

10



For 1 <r <13, define the moving layer

M M n n
L, := < P pri T —— < P< P< =%,
r { prme: 2 S S rr1 s _r}

The second pair of inequalities is redundant for all sufficiently large n, uniformly for A in (3.7).

The lower inequality follows from M > 2n, and the upper inequality follows from

M
2r+1

3

< — <= rh<n,
T

which holds for every fixed » < 13 because h < N. The prime number theorem at the two
endpoints now gives, uniformly for 0 < h < N,

2 1
Lol = <2r+1_r+1+0(1)>N

_ 1
N <(r+ 1)(2r+1)

For clarity, this uniformity is an immediate consequence of

+ 0(1)> N.

an

m(an + O(N)) + o(N)

- logn

for fixed a > 0, uniformly when the O(NV)-shift is in a fixed bounded range. There are only

thirteen endpoint pairs.
M
{PJ =2r+1, {ZJ =

If Pe L, then
Also P > M/28, and hence P? > M for large n. Thus Legendre’s formula has no higher-power
terms and gives the exact identity

vel(@ ) = | 5| —2| ] =1

Let B C (n,M] be a distinct-factor representation of Q(n,M). For every P in the thirteen
layers, exactly one member of B is divisible by P; write it as Pq(P). The inequalities P < n/r,
Pg(P)>n, P> M/(2r +2), and Pq(P) < M imply

r+1<gq(P)<2r+1. (3.9)

The layers are disjoint because r = [n/P|. Moreover, no factor at most M can contain two layer
primes: both would exceed M /28, whose square exceeds M for large M. Thus the forced factors
are distinct.

Choose a prime ¢(P) € Psy, dividing ¢(P), which is possible by (3.9). The same incidence

count as before gives
13

SIL < ) vl Q(n, M)). (3.10)

r=1 LEPsm

Factor the quotient as

Q(n, M) = <2:> H a.

2n<a<2n+h

For a fixed prime ¢, Legendre’s formula and (3.6) yield

et () o (24 2]

<

(3.11)

h
m + O[(log n)

11



Here each floor difference is at most h/¢7 + 1, and there are only Oy(logn) relevant powers.
Summing (3.8) and using (3.10)—(3.11), we obtain

(A3 +0(1))N < hSs3 + O(logn).

Since logn = o(N), this is
h > (Co —o(1))N

by (3.1). Together with the already treated case h > N, this proves the assertion for every
admissible endpoint and hence for M = f(n). O

4 The certified allocation and the central anchors

For the upper bound, fix a constant

eSO 4029639598
0 25970038185
and write
e:=c—Cp, L :=logn, N := %, h:=[eNT, M :=2n+h. (4.1)
We split the complement quotient as
2n .
Cyn = < ), T, = H (2n+ j), Q(n, M) = C,T,. (4.2)
n :
1<j<h

This section constructs distinct factors in (n,2n] whose product is C), times a controlled divisor
of Ty,. In particular, it removes the central binomial coefficient exactly, not merely up to an
asymptotic valuation error.

4.1 An exact infinite cofactor allocation

Set 1
= TEDE D (r>1).

The following finite statement is verified entirely in rational arithmetic.

Lemma 4.1 (Finite allocation certificate). There are 211 positive rational numbers

zin 1<r<200, r+1<qg<2r+1,

q’
all omitted coordinates being zero, with the following properties.

1. For every 1 < r < 200,

2r+1
Z xfg = .
q=r+1
2. 1If
200
)\Zin = Z Zvﬁ(q)xfz7
r=1 q
then o
)\ﬁn < 0
f =1

for every prime £ < 401.
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3. If 201 < p <401 is prime and p— denotes the prime immediately preceding p, then

p—1 C
)\gn + Z o < o_

r=max(201,p_)

The complete 211-entry rational array and its exact checker are contained in the single
companion file numerical_verifier.py, distributed with this paper. The checker verifies
positivity and the permitted cofactor range, adds every row in exact rational arithmetic, factors
every cofactor, and checks the two families of capacity inequalities in Lemma 4.1. Thus the file
is both an explicit certificate for the existential statement above and a reproducible verification
of every finite calculation used here. No floating-point calculation enters the verification; see
Appendix A for its precise scope.

Lemma 4.2 (Infinite cofactor allocation). There are nonnegative rational numbers x, 4, indexed

by
r>1, r+1<qg<2r41,
such that
2r+1
> wng=on (r>1), (4.3)
qg=r+1
2r+1
C
Z Z ve(q)xr g < 71 0 (¢ prime). (4.4)
r>1q=r+1

Proof. For r < 200, use the array in Lemma 4.1. For r > 201, let p(r) be the least prime strictly
larger than r, and put

Typ(r) 2= ZTrqg =0 (q#p(r)).

Bertrand’s postulate gives r < p(r) < 2r, so p(r) is an allowed cofactor. The row identities (4.3)
follow.

It remains to check the prime capacities. A tail row contributes only to the prime p(r). If p
and p_ are consecutive primes, the indices for which the least-prime rule routes to p are precisely

p-<r<p-—1.

The actual tail contribution is the intersection of this block with r > 201. For p < 200, there is
no tail contribution, while for 200 < p < 401, the finite-plus-tail inequality is exactly the third
check in Lemma 4.1.

Now let p > 401. Every finite cofactor is at most 401, so its p-load is zero. Nagura’s
theorem [Nagh2], applied to p_ > 25, gives p < 6p_/5. Hence p — p_ < p_/5, and

-1) Z ar < p
e 2 (45)
RApYe
Sg5 =
The first strict inequality uses (r + 1)(2r + 1) > 2p% throughout the block, and the last one
follows directly from the rational value of Cy. Dividing (4.5) by p — 1 proves (4.4) for every

remaining prime. O
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4.2 Exact realization of a fixed prefix

For r > 1, define the central carry row

n 2n
r = P 1 . — P < . 4
Cr(n) { prime ] <P< ST 1} (4.6)

I

For fixed r and sufficiently large n, one also has P? > 2n, and therefore

If P € C.(n), then

vp(Cp) = 1.
Every integer ¢ in the allocation range obeys
r+1<¢<2r+1 =— n<Pqg<2n. (4.7)
The prime number theorem gives, for each fixed r,
ICr(n)] = (o + o(1))N. (4.8)

Fix an integer R > 200, independently of n. For each r < R, partition C,(n) among
the positive coordinates z, 4. More precisely, round z, /N to integers for all but one positive
coordinate and assign all remaining primes in the row to the last coordinate. Because the number
of coordinates is fixed and (4.8) holds, the resulting parts C, 4(n) satisfy

Crq(n)| = 27 gN + o(N) (4.9)

for every positive coordinate; in particular, the last part is nonnegative for all sufficiently large
n. The parts exhaust the row exactly.
Use the factors
HY :={Pq: P €Crqy(n), 1 <r <R} (4.10)

They lie in (n,2n] by (4.7). They are also distinct. Indeed, for fixed R and large n,

n

P>
R+1

>2R+1>q.

Thus P is the unique prime divisor of Pq larger than 2R + 1; equality of two prefix anchors
forces equality of both P and ¢. This also shows that repeated use of the same cofactor in
different rows cannot create a collision.

Define the cofactor product

R
DY = H Hq‘CTvq(”)|.
r=1 ¢q
For every prime /£, the finite realization (4.9) and the full capacity inequality (4.4) give

Co
-1

ve(DY°) < ( + oR(l)) N. (4.11)

All prime divisors of DY are at most 2R + 1.
There is also a row r = 0. Every prime P with

n<P<2n (4.12)

occurs once in Cy, and we use P itself as an anchor. These singletons have cofactor 1, consume
no tail valuation, and cannot collide with the composite factors in (4.10).
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4.3 Promotion of all residual central valuations

Put
n

X = .
R R+1

Once R is fixed, take n sufficiently large that
X@e > 2R 4+ 1, (X3n)2 > 2p,

Every prime P > X&' occurring in (), then occurs to the first power and is accounted for by

exactly one of the rows (4.6) with 1 < r < R, or by the row-zero set (4.12). Indeed, |n/P] < R,
and the equality

2n n

il N B

{P J {P J

is precisely the membership condition for the corresponding carry row.
It remains to account for primes p < X#'°. Put

ep = vp(Ch), By :==p.

Every summand in Legendre’s formula
2n n
=2 (] - 15)

ep < [log,(2n)], B, < 2n. (4.13)

is 0 or 1. Consequently

For every p < X' with e, > 0, let k, be the least nonnegative integer for which
n < 2B, (4.14)

Minimality and (4.13) imply
n < 2B, < 2n.

We therefore use the single promoted factor
A, = 2krpr, (4.15)

The promoted factors are mutually distinct. Factors belonging to two different odd base
primes are distinguished by unique factorization, and the factor with base prime 2 is a pure
power of two. They also cannot collide with an earlier anchor: every prime divisor of a promoted
factor is at most X#'°, whereas a prefix anchor has a unique prime divisor above X%, and a
row-zero singleton is itself a prime above n.

The additional power of two has small total cost. Define

Kr(n):= > kp

pSX?QnC
ep>0
Since B, > p, minimality in (4.14) gives
n
kp, <1+ log, —. (4.16)
p

For primes p < /n, the total contribution is

O(r(v/n)logn) = O(v/n) = o(N).



For p > /n, split the primes into dyadic blocks

n <n
2l SP =)

Only indices '
j > Llog2(R+ 1)J - O(l)) 2 < \/ﬁa
occur. The standard Chebyshev upper bound for primes, uniformly in this range, gives
4 n N
2J -, < .
m(n/?) < 27 1log(n/27) < 27

Together with (4.16), this yields

Kp)<N ¥ % +o(N)

j2logy (RF)-0(1)

1+4+logR
R

with an absolute implied constant. In particular,

<N +o(N),

Kaln) _y, (4.17)

lim limsup
R—o0 n—oo

4.4 The exact anchor product and its tail reserve

Let H g be the union of the prefix anchors (4.10), the row-zero singletons (4.12), and the promoted

factors (4.15). The preceding arguments show that these are distinct integers in (n,2n]. Every

prime valuation of (), appears exactly once in their product: the valuations above X% occur

in their carry or row-zero anchors, and each valuation at or below X% occurs in its complete

block p®. Therefore, if

Dp := DP® 2Kr(m) (4.18)
then the following is an exact integer identity:
I[ @=CuDk. (4.19)
a€Hp

Moreover Dp is supported on the fixed prime set
Fr:={l prime: ¢ <2R+ 1}.
We now choose R = R(c). By (4.17), we may fix R > 201 so large that
Kg(n) < ZN

for every sufficiently large n. This choice is made before n tends to infinity. For each fixed prime
£, Legendre’s formula over the tail interval gives

it =3 (|75 - |7 ))

= K—Ll + Oy(logn) = <£_Cl + 0(1)> N.

For an odd prime ¢ € Fp, (4.11) and (4.18) give

(4.20)

ve(DR) < <£€01 + 0(1)) N.
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At ¢ = 2, the promotion cost adds at most e N/4, so
v2(Dp) < (Co + Z + 0(1)) N.

Because Fg is fixed, these inequalities and (4.20) hold simultaneously at all of its primes. After
increasing n, if necessary, they imply
€

’U@(Tn) — Ug(DR) > WN (ﬁ € FR) (421)

Outside Fr, the divisor Dy has zero valuation. Thus
Dg | T,. (4.22)
We record the conclusion in the form used later.

Lemma 4.3 (Full central-anchor lemma). Fiz ¢ > Cy, and let h, M, C,,, T, be as in (4.1)—(4.2).
There is a finite prime set Fane = Fanc(c) such that, for all sufficiently large n, one can find an
Fync-supported divisor D | T,, and a set H of distinct integers in (n,2n] satisfying

H a=C,D.
a€H
In addition,
(1) —v(D) > =N (e R (4.23)
v —v — . .
I\Ln l = 3(€ — 1) anc
Consequently, removal of these anchors leaves the exact quotient
Q. M) _ T,
HaE’H a D
Proof. Take R = R(c) as above, set Faye := Fg, D := Dp, and ‘H := Hpg. Equations (4.19),
(4.21), and (4.22) give all assertions. O

We finally note an endpoint detail that will be useful when the residual tail is realized. A
signature prime P > X% used in a carry or row-zero anchor can occur once in C, and also
occur in one or more tail terms. The anchor construction uses exactly its central occurrence.
Since D is supported on primes at most 2R + 1 < X3, all of these additional P-occurrences
remain in T;,/D. This causes no numerical collision: every anchor is at most 2n, whereas every
actual tail term is larger than 2n. In particular, if n < P < n + h/2, the row-zero anchor is the
singleton P, while 2P, if it is used later, is a distinct tail factor. Primes in (2n, M| occur only in
the tail and are untouched by the anchor construction.

5 A precharged two-sided universal bank

We reserve now the switches that will absorb the discrepancy produced by integral rounding.
This is done before exceptional tail factors are retained and before a fractional selector is solved:
the chosen base state of every switch is part of the charged residual product.

Put

2 0

b= =l de=fogGnl,  fy= i [CEOU] <y

logp

Lemma 10.1 will show that retaining every integer rough-row sum while rounding creates an
integral error e, supported on p <y, with |e,| < 3,. The elementary PNT estimates

1
> <7 mly) < 2

27
i logp — (logy) logy
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give
> By =0(y), (5.1)

Py

> Bplogp =O(yL).

p<y

5.1 Complete signatures and path states

For every legal lower or upper factor define its complete rough signature
S(a) := (vp(a))p>y (0 <a < M).

Equivalently, the integer label used in Section 6 is Ry(a) =[] P>y P5r(@); the vector and integer
conventions partition the factors into exactly the same rows. For a finite set G of legal factors,
put

ms(G) := #{a € G: S(a) = S}, v(G) = v(H a) .

aceG

A switch g has two states GJ), G and change Ay = v(G}) — v(GY). We require
ms(G(g)) = mS(G;) for every complete signature S. (5.2)

Our switches are paths of component edges. Each component edge has one factor in each state,
and those factors have the same complete signature; different components use different marker
primes. Hence a complete path state has one token in each of its component marker rows, and
its two full states have identical signature counts row by row. In particular, a full path has one
token per component row, not one token in total.

Denote the eventual collection of path switches by B. It is two-sided S-universal if every
integer vector

z = (2p)p<y, 12| < Bp, (5.3)

is the exact valuation change of a collision-free collection of toggles. We now construct such a
bank while backing every one of its rough tokens by a distinct actual tail occurrence.

5.2 The literal geometric descent

Use the grid A
Qj:=4(4/3) (1 =0).

Every integer core g > 4 lies in a unique cell (Q,4Q/3]. At a nonbottom cell choose

q € (Q,4Q/3], 3Q/4<b<q, Pelg:= (4n 3”}.

3G°20
Then
n < Pb < Pq < 2n,

so Pq <> Pb is a legal lower switch of ratio b/q.
Here is a literal descent which avoids the power-of-two cores of the promoted anchors. If
g > 6 is not a power of two and @ > 20, set by = [4¢/5] and

| bo, bo is not a power of two,
bp — 1, bg is a power of two.
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Then b is a non-power and
4 3
b>gQ—1>1Q, 5<b<yg.

For the non-power cores in cells with @ < 20, use

‘6791011121314151718192021 22
5 6 7 9 9 10 11 12 12 14 15 15 15 17 18.

Every displayed pair satisfies the strict cell inequalities. A source prime p > 5 is a non-power, so
induction keeps every intermediate core a non-power. The core decreases, and above the table it
is at most 4¢/5 + 1; the path therefore reaches 5 in O(log p) steps. We stop there. Moreover,
when @ > 20 one has b < 17¢/20; hence two consecutive moves whose source cores remained
in the same cell would reduce a core at most 4Q/3 below (17/20)%(4Q/3) < Q. Thus a path
uses at most two edges at every large scale, while the finite table gives an absolute bound at the
five small scales. In particular it uses O(1) edges at each geometric scale. The strict ordinary
descent is not asserted to reach 2.
For a nonbottom scale () < y, define the donor multiplicity

sP::#{u:75Q§u§2§§2,P+(u)§y,2n<Pu§M}. (5.4)
When @ > 20, there are < @ eligible y-smooth u’s. Indeed, u < 2y, so an integer here having
a prime factor above y must itself be such a prime; this discards only O(Q/log @) values. For
fixed eligible u, the interval

2n/u< P < M/u

lies in a fixed shrunken part of Ig. The uniform PNT (2.8) gives

N
QL
Indeed its endpoints have size n/Q, with log(n/Q) > (1 — )L, and its length is h/u <. N/Q.
The cumulative-PNT error at the two moving endpoints is O((n/Q)e‘cO\E) = o(N/(QL)),

uniformly for @ < y. Thus (5.5) does not invoke a prime theorem for arbitrary short intervals.
At the five nonbottom scales @; < 20, use respectively the fixed donor cofactors

#{P :2n/u < P < M/u} =, (5.5)

jl1 2 3 4 5
u|8 10 13 17 23.

Each lies between 4Q);/3 and 3Q;/2, and the same PNT estimate applies.
Double-counting (P, u) gives

N
Cg = Z P =e T (5.6)
Pelg

A fixed P € Ig admits only O(h/P + 1) = O.(Q/L + 1) donor cofactors. Hence

N

Kog:=#{Peclp: e ————.
T

(5.7)
The upper bound follows from either the length of Ig or (5.6); division by the maximum
multiplicity gives the lower bound.

Choose one donor for each of the K¢ eligible marker primes, and split this set of marker—donor
pairs into two parts whose sizes differ by at most one. These are the two ordinary orientation
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pools. Thus each orientation separately retains < K¢ distinct signatures; the occurrence bound
(5.6) remains available as a separate verification of donor load.
Successive marker intervals are disjoint: if Q" = 4Q)/3, then

(3] (53
Q Q’ SQ ) Q 3Q’ 2Q )
with a fixed gap. Moreover
P>nly >y, P% > M. (5.8)

Thus the donor and both endpoints have the same complete signature, namely the single marker
P with exponent one.

5.3 Four bottom pools and the signed unit lattice

Continue the descent from 5 through the four pairwise disjoint pools

move ‘ marker interval ‘ states ‘ tail donor

5—4 (n/3, M/6] 5P <> 4P 6P

4—3 (2n/5, M /5] 4P + 3P 5P (5.9)
3—2 (2n/3, M /3] 3P < 2P 3P

2—1 (n/2, M /4] 4P + 2P 4P.

All state factors are in (n, M]. In the last two lines the upper state is itself the tail donor; it is
one occurrence, not a retained donor plus a second bank factor. The unsplit prime capacities are

(ron) ¥ (o) (o) (o)

These are differences of the cumulative PNT at endpoints of size =< n: the four interval lengths
are h/6,h/5,h/3,h/4, and the absolute PNT remainder O(ne‘CU‘/E) is o(N/L). Split each
interval into two fixed positive subintervals for the two orientations.

The word “split” means a split into two subintervals whose lengths are fixed positive
proportions of the original interval. Consequently, for constants ¢; = ¢;(¢) > 0, each of the eight
oriented bottom pools contains

N
(c; + 0(1))f marker primes. (5.10)

This is much larger than the O(y) requests made to any one pool.
For p > 5, concatenate the ordinary p — 5 path and the four bottom moves. In the downward
orientation its ratio and valuation change are

(2e2 —€p) + (e3 — 2e2) + (e2 — €3) — e = —e,,. (5.11)

For p = 3, use only 3 — 2 — 1, and for p = 2, only the terminal move. These yield —e3 and —es.
Reverse every base orientation in a disjoint copy to obtain the positive unit vector. Reserve 3,
copies of each orientation for every p < y.

There are O(y) paths by (5.1). A path uses only O(1) edges at any geometric scale. At the
worst scale Q = v,

2
OK(Z) < yN =o(1), OC%) < % =o(1). (5.12)
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Thus every ordinary component can receive its own marker prime and donor. Each bottom pool
receives O(y) requests, and its separate utilization is

O(y)/(N/L) = O(yL/N) = o(1). (5.13)

The total number of component factors is

O (Z Bp logp) = O(yL) = o(N). (5.14)

p<y

Lemma 5.1 (Disjoint donor assignment). For all sufficiently large n, every component in the
fully reserved bank can be assigned a pair (P, Pu), where P is its marker and Pu € E is its
backing donor, so that the following hold simultaneously.

1. Distinct components have distinct markers and distinct donor occurrences.

2. The two orientations at o fized scale use disjoint pools; pools at different ordinary scales,
and the four bottom pools, are mutually disjoint.

3. The donor and both states of the component have the same complete rough signature.

4. If a bottom donor is itself one of the two states, it denotes that one occurrence, not an
additional copy of the same integer.

Thus assignment of the donors is an injection, rather than only a comparison of their total
number with the number of requests.

Proof. At an ordinary scale @), first choose one donor for every eligible marker, as above, and
split the resulting marker—donor pairs into the two orientation pools. Let mg be the numbers of
component requests of the two orientations. A path has O(1) components at a given scale, by
the literal descent estimate preceding (5.12), and (5.1) gives m$ = O(y). On the other hand,
each orientation pool has < Kg pairs. Uniformly for Q <y,

+ 2
m

Q ymax(Q,L)  y*+yL
—= < =o(1
K S N - N o(1)

by (5.7). A greedy assignment therefore uses a fresh pair for every request. Successive ordinary
marker intervals are disjoint by the calculation following (5.7), so assignments made at different
scales cannot meet.

For a bottom pool, (5.10) supplies (¢; + o(1))N/L marker—donor occurrences, whereas the
request count is O(y) = o(N/L). The same greedy construction works separately in each oriented
subpool. The four displayed marker intervals are disjoint for large n, and the last ordinary
marker interval lies below the first bottom interval, so these choices do not meet any ordinary
choice.

Finally, at an ordinary scale the three cofactors g, b, u are y-smooth and P >y, P?> > M, by
(5.8); the same statement is immediate from the four fixed bottom rows. Hence every factor in
one component has complete signature P with exponent one. In the last two bottom rows the
donor and one state coincide by definition, and the construction counts that single occurrence
only once. This proves all assertions. O

Given z in (5.3), toggle |zp| copies having its sign. Equation (5.11), with its p = 2,3
truncations, gives total change exactly z. Every such plan is a subplan of the fully reserved plan,
0 (5.12)—(5.13) give uniform o(1) congestion throughout the box.
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5.4 Anchor modifications and guards

Choose all bank markers before freezing the integer anchor partitions of Section 4. The following
lemma records every point at which the resulting modification is used later.

Lemma 5.2 (Collision-free modification of the anchors). The integer partitions in the fixed
prefiz can be chosen so that no bank state is an anchor. More precisely, there are modified
anchors H' and an Fune-supported integer D' such that

1. every forced bottom marker belongs to the asserted central carry row, and every replacement
cofactor is legal in that row;

2. the forced row-1 and row-2 markers use only o(N) of positive certificate cells of size < N;

3. the anchors in H' are mutually distinct and avoid both incident states of every bank
component;

Ha:CnDla D/’Tn’
acH’

5. for every f € Fane, the change from the original cofactor product is o(N), so a fized positive
linear part of (4.23) remains.

These statements remain valid when a legal replacement cofactor was a zero coordinate of the
rational allocation: only O(y) = o(N) such occurrences are inserted.

Proof. For a 5 — 4 marker P € (n/3, M /6], one has, for all sufficiently large n,
|n/P]| =2, |2n/P]| =5, vp(Cyp) = 1.

Thus it lies in the row-2 carry interval, and we force its anchor to be 3P. The relevant certificate

coordinate is strictly positive:
3432239399

51940076370 -

Likewise a terminal marker P € (n/2, M /4] belongs to the row-1 carry interval and is assigned
the anchor 3P, where

r2,3 =

Lo 597400199
L3 7 51940076370 ~

Each of these two certificate cells contains x, 3N +0(/N) < N marker primes by (4.9). The number
forced into either cell is O(y) = o(N), by (5.1); hence the integer partition can accommodate
every forced marker. The terminal bank switch is still only 4P <> 2P: the anchor 3P uses the
central P-occurrence, while either bank state uses its separately backed tail occurrence.

We record explicitly why the fixed prefix meets only O(y) bank components, although the
entire bank has O(yL) components. If an ordinary component at scale () meets a fixed-prefix
anchor, equality of the two integers forces equality of their complete rough signatures and hence
forces the component marker P to be the anchor prime: for fixed R and large n, its prime
is > n/(R+ 1) > y, whereas its cofactor is at most 2R + 1 < y. A fixed-prefix anchor has
P>n/(R+1), while P € Iy C (4n/(3Q),3n/(2Q)]. Consequently

3(R+1)

Q< 5

There are only Og(1) geometric scales satisfying this inequality. By the literal descent estimate

preceding (5.12), each of the O(y) paths has O(1) components at any one scale. (The stronger
assertion “at most one” is neither needed nor generally true for the finite descent table.) Hence
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ordinary components meeting the prefix number Or(y). The four bottom moves contribute at
most another O(y). Thus

#{bank components meeting a fixed-prefix anchor} = Ogr(y) = O(y). (5.15)

At any other fixed prefix row r > 2, the legal cofactors r+1,...,2r 4+ 1 contain at least three
integers. At most two are the incident component cores, so choose a third legal cofactor. It need
not have had positive limiting allocation weight: by (5.15), adding only O(y) = o(N) occurrences
changes every fixed capacity by o(/N). Beyond the fixed prefix, a promoted nonsmooth anchor
has power-of-two smooth core, whereas the ordinary descent uses non-power cores. The only
unavoidable core 4 is covered by the forced row-2 assignment; the 4 — 3 and 3 — 2 bottom
pools have no competing central occurrence.

Distinctness is now literal. A prefix anchor has its unique marker prime P > n/(R+1) >
2R + 1; different components use different markers, and for a fixed marker we selected a cofactor
different from both state cores. Promoted anchors were already mutually distinct, and the
power-of-two-core observation separates them from ordinary states.

For each changed occurrence let a; and b; be its old and new cofactors. If D is written as the
product of its individual cofactor occurrences, deletion of the selected occurrences and insertion
of their replacements gives the integer

b.
D :=D]J=.
I,

This notation does not assert a; | b;: integrality follows because the displayed denominators
cancel the corresponding factors in that occurrence-level product. Every b; lies in a fixed-prefix
legal range, so all its prime divisors belong to Fy,.. Moreover, by (5.15), for each f € Fyc,

[vp(D) — v(D)| = Op,,. (y) = o(N). (5.16)
Replacing the corresponding anchors changes their product by exactly the same ratio, and hence

D' | T,, I[ a=¢CnD". (5.17)
a€eH’

Here divisibility and the surviving positive linear reserve follow from (4.23) and the o(NV) loss in
(5.16). This proves the lemma. O

Use a different marker prime at every component, across paths, scales, and orientations.
Because every cofactor is O(y) < P, equality of two bank factors forces equality of their marker
and then of their core. Donors have y-smooth cofactor and the same unique marker, and each
actual donor is used once. Donors exceed 2n, so they cannot equal a lower endpoint or anchor.
Remove both possible states from later flexible lists, and guard them from every fixed residual
factor. These choices make anchors, bank states, donors, and all later fixed or flexible factors
jointly collision-free.

5.5 Donor-backed row tokens and the base charge

For each ordinary component choose one donor counted by (5.4); for each bottom component
use the donor in (5.9). Remove it before a retained list or row quota is frozen and replace
its signature token by the chosen base-state factor. If the donor is an upper state, the upper
orientation keeps that occurrence and the lower orientation replaces it; it is never used twice.

For each component the donor and either endpoint have the same complete signature and
contribute one factor to that row. The adjusted quota is therefore nonnegative and invariant
under a toggle. For a full path this replacement is made separately in every component marker
row, which proves (5.2) for the full states.
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Fix every zero orientation and put

G%ank = U Gg’ Bgank = H a.

0
QGB aEGbank

Unused copies remain in this charged state. Uniformly for p <y, (5.14) gives

L N
Up(Bgank) < yLlng =0 (pL) . (518)

Also, uniformly in this range,

op(Th) = — +o< L ):( ¢ +0(1))N.

p—1 logp p—1

For p € Fyne, use the reserve left by (5.16); outside that set, v,(D’) = 0. For P > y, the
one-to-one donor assignment injects the complete rough valuation of every base token into
distinct factors of T,,. These coordinatewise statements prove the simultaneous preliminary
charge

D/Bgank | TTL

This concerns only the bank. Section 6 checks the combined product with the retained exceptional
factors before solving the fractional equations; those and the bank states exhaust the fixed
residual token classes.

Lemma 5.3 (Precharged universal bank). There are modified anchors H', a divisor D', and a
jointly guarded bank such that:

1. Myew @ = CuD' and D'BY, .\ | Tr;
2. both states of every path have one token in each component marker row and satisfy (5.2);

3. every integer z supported on p <y, with |zp| < Bp, is an exact collision-free bank change;
and

4. the fully reserved bank has o(1) utilization at each ordinary scale and in each of the four
oriented bottom pools, and has O(yL) = o(N) component factors.

Every donor and both states have been removed or guarded before later retained lists and row
quotas are defined.

6 The guarded rough-signature selector

We now construct the fractional point which fixes every nontrivial large-prime signature. Through-
out this section
L =logn N = n 0= 2 =n?
g ) L ) 9 ) y )
and h, M,T = T, are as in (4.1) and (4.2). The divisor supplied by the anchor and bank
construction will be denoted by D’. It is supported on the fixed set Fy,c, and the replacement
of D by D' preserves a fixed positive fraction of the reserve in (4.23).
We fix the order of all choices used in this and the later correction stages. After ¢, the prefix
length R = R(c), the set Fyye, and the modified anchor construction are fixed. Next choose

constants

3
1<1"0<§, 1 <p, ,03<7“0,

24



for the common-list construction of Section 9. Then choose a sufficiently large nonprime real
number W > max F,;, before any tilt box or fine mesh is chosen, and put

Fha:={p:p < W}, Pa:= ][] p Ond :=
PEFha

Thus Fune C Fug, but these two sets have different roles: only the former supports D’, while the
primes in Fjq \ Fanc retain their full tail supply. All constants depending on W are fixed before
n tends to infinity.

For precision, choose constants v > 0, Aexc < 00, and Cg, < 00, depending only on parameters
already fixed, with the following meanings. For all sufficiently large n, the valuation available
after the anchor charge is at least yN/p, uniformly for every p < y: at p € Fyp this is the
surviving reserve from Lemma 5.2, and otherwise it follows from v,(7},) = (¢ + o(1))N/(p — 1).
The constant Aeyx. is an admissible constant in the nonnegative estimate (6.47) below, and Cyy is
an admissible constant in the exceptional-list estimate (9.6). Their existence is proved without
using d, except through the displayed linear factor.

We now choose 9§, once, before defining any cutoff-dependent set, so that
1 9’)/ 05hd(2 — 7“0) }

)

0 5* i PR )
S0 mm{18 My’ ACH

Xy = no. (6.1)

It is never decreased later. After the remaining finite-dimensional parameters (including a
permitted fixed mesh and its tilt box) have been chosen in the order specified in Section 8, there
is a threshold ng depending on all those fixed choices. No uniformity of ng over a varying family
of meshes is asserted. Throughout this section, 0, (1) means that all parameters just listed are
fixed first; an Ow (1) constant may depend on the already fixed head cutoff but not on n, the
later tilt-box radius, or a later mesh. Equivalently, if (1) denotes the permitted fixed meshes
of Section 8, including their subsequently fixed finite-dimensional data, the quantifiers used for
the upper construction have the form

Ve > C’0 H(R; Fanm o, P, W7 5*) 3(7707 Ctan)a
VP € B(no) Ino(P) Vn = no(P) : (6.2)

all stated construction conclusions hold.

The bridge proves that 7y and Cia, are independent of the particular permitted fine mesh; only

ng is allowed to depend on that mesh. Display (6.2) is a dependency convention for the assertions

which follow, not an assertion that one common threshold works for arbitrarily varying meshes.
For every positive integer a < M, write uniquely

a= Ry(a)Sy(a), P~ (Ry(a)) > v, P*(Sy(a)) <y.

The integer Ry(a), including all its prime-power multiplicities, is called the complete rough
signature of a. A signature R is exceptional when

Xr ::§<X0.

This complete-signature convention is important: equality of row masses then gives equality of
every valuation at every prime greater than y, not merely equality of their squarefree supports.

6.1 A head-compatible balanced point

Let K > 2 be a fixed integer, to be chosen in a moment, and set

E = (2n,2n + hj, H = (2n — Kh, 2n], J = (n,2n — Kh.
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All endpoints are integers, so the number of integers in each half-open interval equals its Lebesgue
length. Choose a small fixed 8 > 0, then K sufficiently large, so that

o h/éna — (B/L)|J]
. |H|

lies, for all sufficiently large n, in a fixed compact subinterval of (0,1/2). This is possible because
h = (c+o(1))n/L: first take 5 < ¢/(3dnha), and then take a sufficiently large fixed K. By
definition,

Sha (a|H\ + ?\J!) iy (6.3)

exactly, not only asymptotically. Define on (n,2n]

T =1 pa)=1 (alH(a) + ilJ(a)) . (6.4)

Every flexible nonsmooth factor used below is therefore Fiq-free. Split 5 = Bprot + Bact With
both summands fixed and positive. On the smooth row, the two pieces of (6.4) are recorded
separately as

2y = alg(a)l(g py)=11p+()<ys

ro B ro
fé) t thlj(a)l(a,Phd)zl1P+(a)§y7

Bact
Zgase — %1J(a)1(a7phd):11P+(a)§y. (65)
The first two summands will be frozen. Only the last is redistributed by the smooth bridge;

(6.5) is an additive decomposition of an already normalized point, not extra mass. The de
Bruijn—Saias estimate with finite head inclusion—exclusion gives

S 202 — {84Bactp(1/6) + ow (1)}N =w N.

Thus this summand supplies a macroscopic active measure despite its pointwise 1/L scale.
There is already strong cancellation before rows are separated. If p > W, finite inclusion—
exclusion gives, for every physical interval I and every k£ > 1,

I
W{ael:p|a, (a,Pht) = 1} = mL,J + Ow(1).

The main terms for 15 — 2™V cancel by (6.3). Hence

raw L _ N
Za:(lE(a) — 2 vp(a)| <w 1+ Togp O(pL) (W <p<uy). (6.6)

The last estimate is uniform up to p = y. The work below shows that charging exceptional rows
and making all other row quotas exact costs no more than the right side of (6.6) at its natural
scale.

6.2 The transition-complete balanced-block estimate

We retain the de Bruijn—Saias normalization from Section 2.1, in the form proved by Hildebrand-
Tenenbaum and Saias [HT93, Sai89]. For nonintegral z > 0, integration by parts in (2.1) gives
the exact identity

_log 2z

M) =2Gyfw) ~ {2}, u= o,
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(u—1)4
Gﬁw:pw»—é P (u—0){y" " dv. (6.7)

At integral z we use the right-limit convention of Theorem 2.1. For 0 < u < 1, the formula
reduces to A(z,y) = |z]. Every later invocation in this section has y = nf and z = tz/d, where
t ranges over a fixed compact subset of (0,00), d | Pyq is fixed, and n® /C < x < Cn. Hence
log z/ log y remains in a fixed compact subset of (0,00), and the compact-u error in Theorem 2.1
applies uniformly. The stated right-limit convention covers all integer physical endpoints.

Lemma 6.1 (Uniform transition normalization). On every fized compact interval 0 < u_ < u <

U,
|Gy(u) - Gy(”” Lu_ug lu — |

uniformly for y > 2.

Proof. The Dickman function is Lipschitz on compact intervals. Extend p’ by zero to the left of
1. On a fixed compact interval this extension has bounded variation (including its single jump
at 1). For a compactly supported function ¢ of bounded variation,

[ latt+5) = ()] dt < Var(@)ls|.

Apply this to the translated copies of p’ in (6.7), using 0 < {y"}y~" < 1. The moving endpoint
is included by the zero extension. This proves the assertion also at the transition v = 1. O

Lemma 6.2 (Balanced smooth blocks). Let > n% /C. Let a fized number of t;’s range in a
fixred compact subset of (0,00), and let a; = O(1). If

1
Zaiti =0, Z ]ai\til logti] < Z, (6.8)
i [

then
Zai‘li(tim,y) =O(z/L? +1). (6.9)
i
The same estimate holds with the smooth integers restricted to be coprime to Puq.

Proof. Put u = logz/logy and d; = logt;/logy. Theorem 2.1, (6.7), and the exact formula
below y give, uniformly across every Dickman transition,

U(tiz,y) = tixGy(u+d;) + O(l + :cexp{—cLl/z}) .

Subtract t;2Gy(u), sum, and use Lemma 6.1 and (6.8). This gives (6.9); the exponentially small
term is absorbed because x > n% /C'. For the coprime version use the exact finite identity

L pog)=1 = D #(d) gy,
d|Ppq

and apply the first assertion at x/d. This proof retains every endpoint O(1), and differentiates
neither p nor ¥ at a transition. O

For later use isolate the effect of a fixed head divisor on the entire physical block. Put
g
Bph(x) = O[{\I/(x, y) - \IJ((]' - Kﬂ)xa y)} + Z{\I’((l - K/ﬁ})fl,’,y) - \I’(I‘/27y)}

Lemma 6.3 (Fixed-head shift of a physical block). Uniformly for n% /C < x < Cn and every
fized d | Pnq,

LB (@) + Ow(a/L2 + 1), (6.10)

Bona/d) = 5
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Proof. Write b=1— Kk, u = logx/logy, e =logd/logy, and
Ac(s) :=Gy(s — e) — Gy(s).

The fixedness of d, Lemma 6.1, and the triangle inequality give, on the relevant compact
parameter interval,

IA(s)| <w LY |Au(s) — Ae(t)] < |5 — t]. (6.11)

The transition normalization used in the proof of Lemma 6.2, with every endpoint floor retained,
therefore gives

Bon(w/d) = d™ Bpu(2) = % [a{Ac(u) = bA(u+log b/ log )}
—l—%{bAe(u +logb/logy) — £ Ac(u —log2/logy)}

+ Ow (e " 1), (6.12)
Here 1 — b= Kx = O(L™!) and |logb|/logy = O(L~2). Rewrite the first brace as
(1 - b)Ae(u) + b{Ae(u) - Ae(u + log b/ log y)}

Both of its terms are Oy (L~2) by (6.11); the second brace in (6.12) is Oy (L~!) and already
has the prefactor L™!. The exponential error is O(x/L?) in the stated range. This proves (6.10),
including the O(1) endpoint terms. O

Fix a nonexceptional signature R, put x = Xg, and write kK = h/(2n). The exact upper-row
count is
tr=V((1+k)z,y) — ¥(x,y).
The mass of (6.4) in this row is the corresponding Ppq-coprime smooth count in ((1 — K«x)z, z]
with coefficient «, plus that in (z/2, (1 — Kr)x] with coefficient 3/L. Dividing (6.3) by R gives
the exact real-length identity

Ohd {oszc+§(1/2Km)x} = KT. (6.13)

The head inclusion—exclusion is handled before invoking the balanced lemma. Exactly from the
definition of By,
mig" = Y pu(d)Bpn(x/d).
d|Ppa
By Lemma 6.3,
mEY = SnaBon(z) + Ow (¢/L” +1). (6.14)

It remains to compare the unscaled upper block with dhqBpn(x). Its endpoint pairs are
V(14 k)z,y) — ¥(z,y) — onaBph(z).

Their coefficients a; and relative endpoints ¢; have >, a;t; = 0 by (6.13). Moreover, the endpoints
1+ x and 1 — Kk contribute O(k) = O(L™!) to 3, |ai|t;|logt;|, the endpoint 1 contributes
zero, and the fixed endpoint 1/2 has coefficient dpq/3/L. Thus the absolute-log hypothesis (6.8)
really does hold for this unscaled comparison. Applying Lemma 6.2 and then (6.14), with

raw _ raw
mpg _ZRy(a):R$a )

eri=tp —mEY = Ow(Xp/L* +1) (Xr > Xo). (6.15)

The 41 in (6.15) includes the integer endpoint error of every one of the finitely many head
inclusion—exclusion terms. The same argument over the fixed-ratio interval J/R, together with
the positivity of Gy(u) = p(u) + O(1/L) on the relevant compact range, gives

#{a € J:Ry(a) =R, (a,Pu) =1} >w Xg. (6.16)
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6.3 The fixed-depth exceptional expansion

The estimate needed for exceptional rows lies strictly between the fourth and fifth births of
a rough integer. We give the short proof because it is what permits the signed sum below; a
rowwise sawtooth estimate would not be uniform at the one-prime boundary.

For an interval I, write

O(Ly):=#{rel: P (r) >y}

Lemma 6.4 (Four-to-five rough chamber). For each fizred C > 1, let Z satisfy

and let I C [Z/C,CZ] N (0,3n] have arbitrary real endpoints. There is a C' function K on
[4.1,4.7], with bounded derivative, such that

K(logt/]
B(I;y) = /1 (Oig/ymgy)dt—kOc(Zecﬁ—i-\FZ). (6.17)

Proof. Changing the inclusion convention at either endpoint of I changes ®(I;y) by at most
two, which is absorbed by the claimed error. We may therefore write I = (A, B]. For 1 < j <4,
define the ordered count

N;(IL;y) == #{(p1,...,pj) : pi > y prime, p1---p; € I}.

We first record the reciprocal-prime discrepancy with all constants uniform on the compact
range used below. On [1,4.8], put

1 ds

dpy(s) = Z félogp/logy(ds), dA(s) := —.
D s

P>y
For 1 < T < 4.8, partial summation gives
T T
m(y m(y vom(v
w11 = ") 1) +/ ©) 4. (6.18)
Y Y Yy v

Write E(v) = w(v) — li(v). The li-part of (6.18) is exactly féyT dv/(vlogv) = logT. By (2.7),

uniformly in T,

E(yT E v |E(v
VRN Ly 2 GIP
Y Y Y v
4.8
<<e—cm/logy+/y e—cm/logvd;u < Le—cm/(2/9)L < e—clx/f‘
y ,L)

Consequently
Dy:i= sup ([, T)) = A(LT))| < eV,
1<T<4.8
The same bound holds for either convention at the moving endpoint: changing one atom costs at
most 1/y < e~aVL In particular, if 1 < a < 4.8 and f has bounded variation on [1, a], Stieltjes
integration by parts gives

} fd(py —X)| < 2Dy +y ) fllos + Varp o f1 (6.19)

1,a
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We next expose every moving endpoint in the ordered count. Fix j, put m = j — 1, and write
q = p1 - Pm, with the empty product interpreted as one. If B/q < y, this tuple contributes
nothing. Otherwise put a, = max(y, A/q). The two nonempty endpoints a4, B/q lie between
y=n?9 and CZ < Cy*S. Subtracting (2.7) at these exact endpoints gives

#{p; >y :qp; € (A, B]} = n(B/q) — m(a,)

_ /B/q dv +OC(26_M>
a logv q

q

B 1 A
qy<t —coVL
= — = _dt+ O ( 2 ) 6.20

/A qlog(t/q) ¢ qe (6.20)

This is an absolute cumulative-PNT error, not a relative assertion for a short interval. Moreover,
m
1 1
Z - < ( Z ) <<C’,m 1

P1y--sPm>Y q y<p<CZ/y
a<B/y

by (2.10). Thus the total error in (6.20) is OCJ(Ze_C”E), uniformly in both endpoints.
Summing the main term in (6.20) and interchanging the finite sum with the ¢-integral gives

Ny = [ S50t +0c (267", (6:21)
If u = logt/logy, then
_ 1 dpy(s1) - - - dpiy(sm)
S‘j7y(t) - logy / S1y-ySm>1 U—81— " — 8Snm ! (622)

81+ +sm<u—1

for m = 0, the last integral means 1/u. The strict face causes no outer-integral error: for each
fixed prime tuple it is a single value of t.
For t € [Z/C,CZ], the hypotheses on Z imply, for all sufficiently large n depending only on
C:
4.1 <u<4.7.

Replace the m < 3 copies of dy, in (6.22) one at a time by d\. Conditioned on the other
variables, the current variable ranges over [1,a], where a =u — 1 — Z#i s¢, or over the empty
set. On a nonempty interval the conditional kernel

1
U— 8 — Y gz St

fs) =

has denominator at least one, and hence
1 flloo <1, Var f < 1.

For large n, both 1, and A have mass at most My := 1+1og4.8 on the relevant compact interval.
Therefore the literal m-term telescope and (6.19) give

/ dpy(s1) - dpy(sm) / dsy---dsm
Zsi<u71 u — Z Si Zsigufl S1-°¢ sm(u - Z Si)

<AmM" Y (D, +y7) < eV (6.23)

This includes a moving or degenerate simplex face with one constant.
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Define

')
<
—~
S
N~—
I
S~ 2~
<9
5
e
IsH
%)
<
L
[\]
N
<
N
N
~—

yeesSj—121 < — <
a2, s simi(u = s $j-1)
Equations (6.21) and (6.23) prove

1
o logy

Nj(I;y) | Kitlogt/ log ) dt + Oc:;(2e=), (6.24)

For completeness, the regularity of the kernels is also uniform. For j > 2, put m = j — 1,
T=u—j,and A,, = {2; > 0:Y 2z <1}. The substitutions s; = 1 + T'z; give

On41<u<47and 2 <j <4,onehasT > 0.1 and T < 1. The integrand and its first
T-derivative are bounded on the fixed simplex, so differentiation under the integral proves

sup {|K;(w)| + [Kj(u)[} < 1.
4.1<u<4.7
The same assertion is immediate for &Cq.
It remains to pass from ordered tuples to rough integers. Put Q(r) = 2op vp(r), and let
A;(I;y) count the r € I with P~(r) > y and Q(r) = j. Since y* = n'99 > 3n, every integer
counted by ®(I;y) has 1 < Q(r) <4. If

k k
r=1la X e=i
v=1 v=1
then its exact multiplicity in Nj is
g!
el el

Thus division by j! gives weight one for a squarefree r, and weight 1/(e;!---ex!) € (0, 1] otherwise.
Consequently

4
0<®(l;y) — Z M < #{r e I:q*|r for some prime q > y}. (6.25)
— J
7j=1
The last quantity is at most
I I Z
> (’2'+1> <c 1|O| + 1;fZ
y<q<y/TZ q ylogy g
q prime

<o Ze=VE L7,

Here the first bound follows by partial summation from 7(t) < t/logt, and the last uses
y~! < e=VL. Combining (6.24) and (6.25) proves (6.17) with

4 gy
lC(u):ZK;(‘ )
=1 7



For later use we record explicitly the simultaneous form just proved. For fixed Jy, G, let
J < Jo, let I, C [Z/C,CZ] N (0, 3n] be intervals, possibly empty or clipped at arbitrary moving
endpoints, and let |y,| < G. Then the same kernel and one common implied constant give

J

J
1
Z YW@l y) = Togy Z 'y,,/ K(logt/logy)dt + OC7J070(Ze*C‘E +VZ). (6.26)
v=1 v=1 1

Put Ry = 2n/Xy, and let

raw

whda(a) :=1g(a) — zy

For W < p < y, the exact signed contribution of the exceptional rows to the uncharged
comparison is

& = Z wpa(a)vp(a) = Z vp(b) Z wpq (bR). (6.27)
a:Ry(a)>Ro b<2Xo P~ (R)>y
R>Ryp

Indeed, a = Rb in this range has b < 2X( < y, and so v,(a) = v,(b). Moreover, throughout the
support in the inner sum,

1
195 1 o(1) < &L
logy

The lower bound follows from (1 — d,)/6 > 17/4, and the upper bound from R < 3n. Thus
Lemma 6.4 applies with a fixed separation from both birth faces.
Define the mean-zero periodic function

<451, (6.28)

Chd(b) =1 51:c111(b7Phd):1‘
For every b < 2Xj, put

2n log Zy,
Zb =, Up = 5
b logy

gb = 1(b7Phd):17

and introduce the three disjoint physical intervals

I+’b = (Zb, (1 + H)Zb],
Ifyb = ((1 — K/ﬁ})Zb, Zb]7
Iop = (2u/2, (1 = KK)Z)).

Since b < 2X < y, the complete rough factor is coprime to P,q. The definitions of E, H, J and
(6.4) therefore give the exact identity

> wna(bR) = (L4 p3y) — gpa®(I_py) — gb%@(fo,b; y). (6.29)
P=(R)>y

Suppose first that b < X(/2. The cutoff R > Ry in (6.27) is then automatic. All three
intervals lie in [Z}/2,27,] N (0, 3n], and the range in (6.28) puts wuy in the compact chamber of

Lemma 6.4. With
&y = Zbe_cﬁ + \/ Zy,
the simultaneous estimate (6.26), applied once to the three terms of (6.29), yields

1 log t log t
Y. wwa(bR) = / IC( = )dt—gba/ /c( °8 )dt
logy | Jr., \logy 1, \logy

P=(R)>y

I5; <logt)
—gp— K dt  + Ow (). 6.30
BT o, logy w (&) (6.30)
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This is one endpoint-uniform invocation, rather than three asymptotics with potentially different
moving-endpoint constants.

Put K; = K(up). By the mean-value theorem and the uniform bound for K’, the error made
by replacing every kernel in (6.30) by Kj is at most

1 log ¢ log ¢
/ K(Og>—Kbdt+a/ K(Og>—Kb
logy | /1., logy I_, logy
log ¢
2 IC( o8 )—Kb
logy

L
Indeed, the two short intervals have respectively relative lengths k and Kk, while |log(t/Z)| <
log 2 on the broad interval; also k < L.
The constant-kernel coefficient has no asymptotic error. Dividing (6.3) by b, or equivalently
using (6.13) with = = Zj, gives

dt

dt}<<W(logy)2(:‘€ + K*k +Z <<Wﬁ

I

KZy — b {aKmZb + %(1/2 — K/@)Zb}

_ I
= KZp <1 5hd) =7 cnd ().

Finally, Z, > 4n/ X in the present range, so
¢, < 7/ L2, (6.31)

Combining (6.30)— (6.31), and retaining a harmless unit endpoint allowance, proves

h log(2n/b)> ( n )
legy’C( logy Chd(b) +OW b3 +1).

> wna(bR) =

P=(R)>y

For p > W, multiplication by p* permutes the residue classes modulo P,q. Hence

Z Chd (pkm)

m<X

sup <w 1.

Partial summation, followed by the expansion v,(b) = 3" 1k, shows that for every bounded
C! function V of log b/ logy,

> Chd(b)vp(b)v(logb> <w 1 (6.32)

X b logy D
For the single cutoff band Xy/2 < b < 2Xj, set
IZb =1I,pN (R, 0) (v e{+,-,0}).

The three physical intervals are disjoint, so taking the absolute value of each coefficient is exact:

> |wha(bR)|
P~ (R)>y
R>Rg

(0] (o] /8 (o]
= O(I3 1Y) + gpa®(I2 4 y) + gbzq)(fo,b;y)-

Every clipped interval is still contained in [Z},/2,27) N (0, 3n]. Applying (6.26) simultaneously,
now with positive coefficients, gives its main term bounded by
1Kl o0

o o /8 o ||IC|| BZb
log y {|I+,b|+au,b’+L|IO,b| < 2 0kZy+aKKZ)y + ——

~ logy 2L
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Zy
Uniformly in this band, Z, < n/Xy, and hence the common analytic error Zbe_cﬁ + /2y is

o(Zy/L?). Since Z, = 2n/b, we obtain, with the existing harmless endpoint allowance,

> Jwna(bR)| <w + 1.

P~ (R)>y
R>Ry

o
bL?

Finally, the elementary prime-power identities

b log X +1 X
> v”é ) <« BT , > op(b) < =,
b<X p b<X p

1
X/2<b<2X p

make the last summation completely explicit. The function b — K(log(2n/b)/logy) is a bounded
C! function of logb/logy. Hence (6.32) and h < n/L give

h
logy

b logy WopL?

chd(b)vp(b)lC log(2n/b) <w
E )

The accumulated error in the deep range is, with no suppressed logarithm,

logXo+1 X X,
3 vp(b)<bzg+1)<<;g°+o<<zz+o.
b<Xo/2 p p D p

Likewise, the entire cutoff band contributes

n n Xo
Z Up(b) <bLZ+1> <<W+7.

X0/2<b<2X0 p
> =Gr)
20 o
p pL?

uniformly in p, because Xo = n’ and 6, < 1. Applying these three ledgers to (6.27), we obtain

Finally,

n N
Ep| <w pI2 oL (W<p<y). (6.33)

The order of summation in (6.27) is essential: absolute values are taken only after the balanced
physical pieces have been summed for a fixed smooth core b. Thus every one-sided rough birth
remains in the displayed signed sum.

6.4 Exact row correction, including all endpoint terms

We first describe the correction without guards. In each nonexceptional, nontrivial row choose a
clean subpool Pr C J as in (6.16), and let upr be its uniform probability measure. Adding

vr(a) = erpr(a) (6.34)
makes the row mass exactly tg. Equations (6.15) and (6.16) give

[VRllso <w L2+ Xz' = o(L71), (6.35)
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uniformly because Xr > Xy. Thus the broad floor remains between fixed positive multiples of
1/L, and every weight stays strictly between zero and one.

For W < p < g, the number of core candidates in Pg divisible by p* is at most Oy (Xg/p*+1).
If it is nonzero, then p* <y Xg, so the endpoint +1 is itself Oy (X /p*). Consequently

1
> ur(a)vy(a) <w ~.
- p
The rough harmonic and counting bounds

1 N
> <ol #{R <2n/Xo: P (R) >y} <o+~
R<2n/Xo 0
P=(R)>y

follow respectively from the truncated Euler product and the elementary upper-bound sieve.
Therefore

by

R

5 vala)ena)| <w S (Xa /L2 + 1)

R

< 1<”+N><< N (6.36)
Vo \2 T X)) S L '

This computation includes all prime powers and all +1’s. For an independent check, group rows
dyadically by X =< X. There are Oyp(N/X) such signatures. If an endpoint +1 is retained
instead of being absorbed into Xg/ p¥, only scales X > max(Xy,p) occur, and its sum is

<Ly N<1+1><<N.
~ |3 _ —
lng X>max(Xo,p) X\L X pL

here either Xy or p dominates every power of L.
We now insert the charged guard system. Define the exceptional upper list and the global
bank-donor list by

Eexe ={a € E: XRy () < Xo}, Edonor := {a € E : a is a designated bank donor}.

Let Ggank be the chosen state-zero bank factors and define, exhaustively,

Ghix = Fexc \ Edonor- (637)

There is no further class of dedicated fixed residual tokens: anchors are external to the residual
product, bank states belong to G%ank, and all later bridge and tangent factors remain flexible.

Put
Bo:= [ « [] « (6.38)

0
acGhx  aeGY,

Also write Gll)ank = Ugen G;. The following ownership ledger distinguishes selection classes from
source or guard roles; this matters because a bottom donor can be the same occurrence as one of
its two bank states. The symbol A = []p Ar will denote the lower coordinates left flexible after
these exclusions. To avoid conflict with the quotient space denoted by G in Section 8, denote
the exhaustive set of numerical guards by

Coum := H' U Gy U Egonor UG, UG, (6.39)
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Object Location Selection status Row-quota status Later operations

H (n,2n] fixed external outside the residual never varied
anchors quotas

Fexe (2n, M source list, not itself supplies exceptional split into Ggx and
a selection class upper tokens donor occurrences

FEdonor (2n, M withheld backing one token is never bridged or
token; not inserted  replaced by its rounded
separately bank state

Gex (2n, M| fixed in By and in charged before qp never varied
the final residual set is frozen

GY e Gl (n, M] alternative full path equal toggled only after
states; state 0 is in ~ complete-signature  rounding
By counts

A (n,2n] flexible candidates supplies the bridge, tangent, and

remaining quota gz  rounding

Thum (n, M exclusion role, not no additional quota used only to enforce

an additional beyond its disjointness

selection class

constituent roles

The final selection classes are H’, Gy, one full state of each bank path, and the rounded
subset of A. They are pairwise disjoint. The only allowed overlap in the table is a role overlap:
in the last two bottom pools an element of Ej,n0r may be a bank-state occurrence, and it is
then counted once, as stipulated in Lemma 5.1.

Lemma 6.5 (Guard census). Before the quotas qr are frozen, the numerical exclusions are
erhausted by the external anchors, the exceptional source and donor decisions, and both states of
the reserved bank. They have the following two, logically different, size properties.

1. Globally,

|H/| = OC(N)a |GﬁX| = OC(N)’ ‘Edonor| + |Ggank‘ + ’G%)ank| = O(yL).
Only O(y) anchors are modified, and the number of promoted anchors having trivial rough

signature is O(m(y)).

2. In any active nonexceptional row R # 1, at most one anchor and at most one bank
component occur; Ggyx contributes nothing. Hence deletion of all guarded lower coordinates
removes O(1) candidates from that row. For a fized medium-prime pair u,v, the only
anchors which can equal ua or va are the O(w(y)) promoted smooth anchors; together with
the bank endpoints, they give O(yL) potentially relevant lower guards.

In particular, the proof uses a local rowwise census and a common-list-relevant census. It does
not require the stronger statement that all anchors and all fized exceptional factors together
number O(yL?), which need not hold.

Proof. The first global bounds follow from the construction of the central anchors, |F| =h =
O(N), and (5.14). Anchor modification affects O(y) occurrences by the fixed-prefix scale count
(5.15). A promoted anchor has trivial rough signature only when its base prime is at most y,
which gives O(7(y)) possibilities.

A nonsmooth prefix or row-zero anchor has one unique rough marker P > y; a promoted
nonsmooth anchor has one complete signature p® > 1. There is at most one such anchor in a
given nontrivial row. Distinct bank components have distinct marker primes by Lemma 5.1, so
a nontrivial marker row contains at most one component, its two possible endpoint occurrences,
and its one donor occurrence. The set Ggy is supported only on exceptional rows. This proves
the rowwise assertion.
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Finally, a prefix anchor has smooth cofactor supported on Fyy,. C [2, W], a row-zero anchor
is prime, and a promoted nonsmooth anchor has a power of two as smooth cofactor. None
is divisible by a label in (W,y]. Only promoted smooth anchors remain possible in a lower
common-multiplier list. The fixed exceptional factors and all withheld donors lie above 2n; bank
endpoints contribute O(yL) numbers. This proves the last assertion. O

All factors in this product are mutually distinct and are guarded from the anchors and from
the flexible candidates. If mpr(G) denotes the number of factors of G having complete signature
R, define, for every nontrivial row,

qr ‘= tR — mR(GﬁX) — mR(Ggank) S ZZO' (6.40)
The backing map is literal:

(g) =9 (g€ Gax), 1(g) = the designated donor of its bank component (g € G,)-
(6.41)
Its image lies in E, preserves the complete signature, and is injective. Indeed, different bank
components have different donors, and every such donor has been removed from Ggy (a nonex-
ceptional donor never belonged to Ggy in the first place). This proves the nonnegativity of
(6.40). In an exceptional row, the partition into retained factors and designated donors, together
with the one base token replacing each donor, exhausts all tr upper tokens; hence gz = 0 there.
We also make the whole-row convention explicit. Let %,ow be the set of nontrivial complete
signatures of bank component marker rows. Every such signature is the component’s unique
marker prime P > y. Its designated donor is Pu € E, with u < y, so
2n

The component count (5.14) and the use of a different marker for every component give
|‘-@TOW| = O(yL)a XR < Yy (R € %row)-

In the endpoint-deletion convention used in this paper, every nonexceptional bank-touched row
remains active and is corrected below; no such row is dedicated in its entirety. Thus the set of
fully dedicated nonexceptional rows is

Drow = D C Brow, | Zrow| = O(yL), Xp<y (RE Dow)- (6.42)

The last two bounds would remain true if any subset of the bank-touched rows were instead
dedicated. Exceptional rows Xpr < Xy are fixed separately by (6.37) and are not put in Zoy.

Lemma 6.6 (Uniform clean pool after all guards). For every active nonexceptional row R # 1,
let Ar be the lower candidates remaining after the exhaustive guard census in Lemma 6.5, and
let Pr C AR be the broad correction pool. Uniformly in these rows,

ar— Y oV <w Xg/L* +1, #Pr >w Xg. (6.43)
a€AR

Consequently the constant correction on Pgr has density
Ow (L2 + Xp') =o(L7Y), (6.44)

and the two-sided raw slack survives.
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Proof. Before guards, (6.16) supplies at least cyy Xi broad candidates. By Lemma 6.5, at most
a fixed number are deleted in an active nontrivial row: at most one anchor, and the endpoints
and donor role of at most one bank component. Fixed exceptional factors lie above 2n and occur
only in exceptional rows. Since Xp > Xy — o0, at least cyy Xg/2 clean candidates remain for
all sufficiently large n, proving the second assertion in (6.43).

For the first assertion, let Dgr be exactly the lower coordinates removed from the raw row.
Subtracting the definitions of ¢r and Agr gives the identity

a€AR Ry(a)=R

= —mg(Gex) = Mr(Ghan) + D 4™
a€Dpr

Here mp(Gsx) = 0. If a bank component occurs in the row, its contribution to the right side is

raw .
1+ > 2" = Oy (1);
a€Dpr
a is one of its lower endpoints

the expression is not claimed to vanish. The at-most-one anchor contributes another Oy (1).
There are no further classes in the census. Therefore

ar— Y 2| < ler| + Ow (1),
a€EAR

and (6.15) proves the first assertion. Dividing by #Pgr >w Xg gives (6.44). Since Xp > n’*,
this is o(L™1), so a fixed fraction of both the lower and upper broad margin remains. O

The already charged medium-prime guard profile is Oy (N/(pL)). Replacing e in (6.34) by
the left side of (6.43) therefore repeats (6.35)—(6.36) verbatim and proves the exact postcharge
identity

Z Za = qR (R#1). (6.45)
a€EAR

The row R =1 is intentionally left for the integral smooth-row quota and structured head fit of
Section 8; its top component and protected floor in (6.5) remain frozen.

6.5 Nonnegative exceptional charge and simultaneous feasibility

Remark 6.7 (Signed discrepancy is not a charge). The quantity &, in (6.27) is signed: it compares
the actual upper exceptional rows with their lower raw baseline and is used only to bound the
residual error. By contrast, the quantity C* below is a sum of nonnegative valuations of factors
that are actually retained; it is used to prove divisibility. Cancellation in &, gives no upper
bound for C;*¢, whose natural size can be N/p.

We therefore estimate the nonnegative valuation independently. Let

Cpee = > vpla)  (p<y).
a€l, XRy(a)<XO
a not a bank donor

If @ = Rb occurs, then b < 2X( and vp(a) = vy(b). For fixed b, discard the lower cutoff on R
and apply the interval Selberg sieve to

2n/b < R < (2n+ h)/b.
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Its length is h/b > n'=% /L. We use Selberg weights supported on d < y?; the elementary
interval remainders have lem moduli [d, e] < y* = n®? not merely y2. Since §, < 1 /18, these
remainders are uniformly negligible compared with the interval length after logarithmic factors.
By (2.11),

y4

blogy * (logy)?

vp(b) 1 1 0L+ 1
ZPT:ZT: > < 7

b<2Xo k=1 P caxg e p

#{R:2n/b< R<(2n+h)/b, P7(R) >y} <

(6.46)

Now

and Y, ox, vp(b) < Xo/p. Multiplying (6.46) by v,(b) and summing b therefore yields, uniformly
in p <y, the following bound. Here é, > 0 has already been fixed; hence, after increasing the
threshold for n, one has §,L + 1 < 20,L. The factor two is absorbed into a fixed Aexc, While the
displayed little-oh term below contains only the sieve remainder. Thus

« N N
C;XC S Aexcdgp + O<pL) . (647)

For p > 2X, the left side is exactly zero. The sieve remainder is indeed harmless, since

y* Xo (N)
YA _ (2
p(logy)? pL
under 8/9 + 0, < 1.

Let Bexe denote the product of the exceptional factors in Ggx. The bank and guard
construction gives

N
(B Bs) = 0Bl = ow (57) (0 <) (6.48)
by (5.18). There is no unenumerated fixed class in this estimate. Legendre’s formula gives
uniformly in this range

h L (c+o(1))N
T)=—— = .
ot p—1+0<logp) p-1
Lemma 6.8 (Combined charge). With the one-time choice (6.1), the complete fized base and
the modified anchor divisor satisfy, simultaneously,

D'By|T, By|Y:=T/D. (6.50)

(6.49)

Proof. We verify the valuation inequality in three disjoint prime ranges.
If p € Fypc, the definition of v above (6.1) gives

vp(T) = vp(D") = YN/p.

Equations (6.47) and (6.48), together with Aexc0s/0 < /4, show that v,(By) < vN/(2p) for all
sufficiently large n. Thus the required inequality has a fixed positive margin.

If p < ybut p ¢ Fanc, then v,(D’) = 0, while (6.49) and the definition of v give v,(T") > yN/p.
The same two charge estimates again give v,(By) < vIN/(2p). This includes p € Fi,q \ Fanc: 0O
anchor valuation is charged at such a prime.

Finally let p > y. Then v,(D’") = 0, because Fyne C [2, W]. The injection (6.41) maps every
factor of Gax U GD,.\ to a distinct actual factor of E, preserving the entire complete rough
signature and hence every p-adic valuation. A fixed exceptional factor is mapped to itself; a
bank-base factor is mapped to its designated donor. These two image classes are disjoint by
construction. Therefore v,(By) < v,(T') for every p > y.

The three ranges cover every prime and prove v,(D'By) < v,(T) coordinatewise. This proves
both assertions in (6.50). In particular, the conclusion is not obtained by multiplying two
separately known divisors of T'; it is a simultaneous verification for the product D’Bj. O
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6.6 Output of the rough stage

Let A =]]r Agr be the remaining flexible lower candidates, and use the residual convention

rp = vp(Y) —vp(Bo) — Z zaUp(a (6.51)
acA

We now give the full sign ledger rather than absorbing guard changes into words. Let Dy, be
the set of raw lower coordinates deleted in nonexceptional rows, and put

ESovor == Egonor N Fexc-

donor

For W < p <y, define
R = 3 {1ela) = 5 by o).
Aguard Z rvp(a) + Z vp(a) — Z vp(a). (6.52)

a€Dne aEEcel’c();or aeGbank

The first sum in A%uard restores the raw coordinates which were removed outside the exceptional
rows; the second restores the exceptional donor terms included in &,; and the last charges the
bank base which replaced those donor tokens. Since v,(D’) = 0 in this medium range, direct
expansion of Y =T/D’, By = GﬁXGgank, and Gax = Eexc \ Edonor gives the exact identity

=R =& — > > vrla)vp(a) + AB™, (6.53)
R#1  a
Xr>Xo

This also verifies the convention “target minus current” term by term.

For completeness, the guard census makes the last error quantitative. Prefix, row-zero, and
promoted nonsmooth anchors have zero p-valuation when W < p < y. For a fixed p, at most one
promoted smooth anchor has nonzero p-valuation, of size at most L/logp. All other terms in
(6.52) come from O(yL) bank endpoints or donors, and each has valuation at most O(L/logp).
Hence, uniformly in the medium range,

L2 L N
Aguard Y _ (> 54
|ABHE] < logp+logp ) L) (6.54)

because pyL3 /N < y?L3/N = n=>/L* — 0. Equations (6.6), (6.33), (6.36), and (6.54), inserted
with their displayed signs in (6.53), prove

N
Irp] <w —

oL (W <p<y). (6.55)

Equation (6.45) proves exact equality in every nontrivial complete rough-signature row and hence
rp = 0 for every p >y, with all multiplicities. At this stage the smooth row and the coordinates
p < W are provisional. The smooth-row decomposition has a frozen Fjq-free protected floor
and an Fy4-free active excess of mass =<y IV; all fixed-head valuations will be inserted by the
structured cells of the next two sections. Thus the distinction F,,. C Fl4, all fixed charges, and
every guard are already present in the ledger to which the bridge is applied.

For reference, the exact invariants carried through the remaining stages are summarized
below. “Exact rows” always means complete rough signatures, with prime-power multiplicity;
“mass” includes integral fixed tokens with weight one and fractional coordinates with their actual
weights.
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Stage Rough rows and Head p < W Medium Total mass and Coordinates
p>y W<p<y ordinary log
After every R # 1 provisional residual provisional two-sided
rough exact; hence bounded by interior on
selection  p > y exact (6.55) clean pools
After every row exact exact band sums mass and interior
smooth exact; pointwise  ordinary log
bridge residual retains exact
the tangent
bound

After every row exact exact every individual — mass and in [0, 1], with
tangent valuation exact ordinary log endpoint slack

exact where used
After every row exact, integer error integer error e, mass exact; log flexible
floating sonop >y ep changes by coordinates
rounding  error deplogp are 0-1
After every row exact exact exact mass and all selected
bank ordinary log factors are 0-1
replace- exact and distinct
ment

Fach row of this table is proved at the indicated stage: the present section proves the first,

the bridge and tangent sections prove the next two, and Lemma 10.1 and proposition 10.2 prove
the last two. In particular, ordinary logarithm after rounding is not asserted separately from the
valuation error; it becomes exact only when the bank changes valuation by —e.

7 Marked friable counts on the structured cells

The smooth bridge uses only physical intervals and exact finite valuation and coprimality patterns
at the head primes. This restriction is essential: ordinary smooth-number estimates do not
count an arbitrary nonzero residue class modulo a fixed integer. In this section we prove all one-
and two-marked estimates needed for these structured cells, including their stability under the
compact tilts used later.

Throughout,
1

= Ogn:?, L =logn.
logy 2

y =n*"?,

The numerical value U = 9/2 is used below. In particular, we make no terminal prime-power
assertion at U = 5/2.
7.1 Exact head cells and a four-mark estimate

Fix a finite set H C Fiq, a vector of fixed nonnegative integers e = (es)scy, and fixed
0< A< B <oo. Put

he = [ ¢, My =] ¢ Se

leH leH

©(Mp)
My

_ 1
=
and define the structured cell

Co(A,B) = {m: An <m < Bn, PT(m) <y, vy(m) =e, ({ € H)}.

The finite collection of A, B, H,e used in the construction is fixed before n — co. For a
bounded-variation function we abbreviate ||¢||py := ||¢]|co + Var ¢.
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For a y-smooth integer d, write

logd
logy’

v(d) =

If v; is normalized uniform measure on a structured cell C;, a finite mizture of cells means
the probability measure

VvV = Z)\il/i, >\z Z 0, Z)\Z = 1, (71)
i=1 i

where m is fixed. When compact positivity is required later, the weight vector is restricted to
a fixed compact subset of the relative interior of the relevant simplex. A piecewise-constant
baseline weight on the disjoint cells is exactly of the form (7.1) after normalization. We apply
count formulas to each C;; only probabilities, expectations, and covariances are then averaged
under v. We never interpret a nonintegral convex mixture as a count.

Proposition 7.1 (Uniform marked structured cells). Suppose that d < y* is y-smooth and
(d, My) = 1. Uniformly in d,

Ae A p(d) :=#{m € Ce(A,B) : d | m}

B A0~ v(d)) + Onap(L™) (72)

= Go

Consequently, for the normalized uniform measure on the cell,

Pe a,p(d|m) = hU(Z(d)) + OHAB<d1L> (7.3)

If ¢ : [A, B] = R has bounded variation, then

> ¢(m/n)
mECe(A7B)
dlm

n B n
— 30U~ o(d)) [ 6(0)dt + O (1] + Var o} ). (7.4

The normalized assertions hold for a fized finite disjoint union, or a probability mixture in the
sense of (7.1). Any overlapping family is first disjointified and then interpreted through its
induced convex mizture. In particular, any two allowed normalized cells C,C’ satisfy

1

Po(d P~ (d
[Po(d | m) —Por( |m)|<<WdL

(7.5)

Proof. The exact valuation pattern, unlike a general residue class, has the finite divisibility
identity

Loy(m)=e, (ter)} = Lhalm D #(@)Lajm/he-
a|Mg

Since (d, Mp) = 1, it follows exactly that
Bn An
A, , —U(—, ) .
o) = 32 s {(550) =9 (5 0500) (70
a| Mg
The smallest unscaled cofactor is
n

y4

1/9 _

=n — o0. (7.7)



Thus every smooth parameter in (7.6) lies in the fixed compact interval [1/2 4 0(1),9/2 + o(1)].
When it is at least one, apply Theorem 2.1 and (2.3) [HT93, Sai89]; when it is at most one, use
the exact identity W(x,y) = |z|. The fixed factors A, B, he, a shift the parameter by Og(1/L),
and p is Lipschitz on this compact range. Hence, uniformly for C' = A, B,

\Il(hf:d,y) _ hfsd {p(U = v(d) + 0x(L™1)} + 0. (7.8)

By (7.7), the endpoint O(1) is O(n/(dL)). Substitute (7.8) in (7.6) and use
hi Z ,U(Cl) — 5e~
€ a|My a

This proves (7.2). With d = 1, it also gives
#Ce(A, B) = de(B — A)n{p(U) + Ow(L™)} =w n, (7.9)

so division proves (7.3).

Apply (7.2) uniformly to every cumulative subinterval (An,tn|, A < ¢ < B. Its error is
Ow (n/(dL)), independent of ¢t. Stieltjes partial summation against ¢ proves (7.4). Every cell
has the same normalized main divisibility profile, so finite disjoint unions and compact convex
mixtures preserve it; this also proves (7.5). O

The cutoff y* covers exactly the divisors used later:
p, pa, P p'q, perd,

where W < p,q,7 <y, p* < y?, and 7/ < y. In particular, the last product is at most y*. This is
the genuine reason for fixing U = 9/2: all pointwise marked products retain the cofactor margin
(7.7).

7.2 One and two marks, prime powers, and physical tests

Let C be an allowed cell or finite mixture and put ¢, = logp/logy. For distinct W < p,q <y,
Proposition 7.1 gives

Bty = ") 1 0w 1 /1)),
Bty = "5 041/ (o).
It follows that
Vare (1pjm) = hU](gtp) +O0w(1/(pL) +1/p°),

hu(tp +tq) — hu(tp)hu(ty)
pq

COVC(1p|m7 1q|m) = + OW(l/(pqL)) (710)

Likewise, if p* < y? and p # ¢, then

hy(kt, +t
pram = "LELEI) 0 (131,

wmﬂwa—hﬂmrﬂﬁéﬁﬂ%mw%)+@wuwwm»

Ecl

COVC(l
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There is also a comparison for the full valuation. Expand v, = > p>1 1,4, Applying (7.5)

for p¥ < y* gives total error Oy (1/(pL)). The remaining powers satisfy, by the elementary
multiple count and (7.9),

> Pe@® | m) <y~ + L/n=o(1/(pL)).
pF>yt
Consequently

1
[Ecvp(m) = Eowp(m)| <w -7 (W <p=y). (7.11)

If ¢ has bounded variation on the common physical compact set, (7.4) and (7.3) give
ol Bv
dL -

The same estimate holds for finite mixtures: within-cell covariances have this bound, while
between-cell covariances are controlled by (7.5). Summing over d = p* yields

| Cove(gpm, ¢(m/n))| <w (7.12)

| Covc(up(m). o(m/n)] <o 12127
For example, with ¢(f) = logt and arbitrary coefficients c,,
1
Cove Z cpup(m),log(m/n) || <w 7 Z @'
W<p<y wep<y P

7.3 Stability under compact bridge tilts

The bridge changes the measure by bounded band fugacities divided by L. We prove that the
error scale above survives this homotopy. Let

S(m) = Z Npvp(m), Inp| < B, (7.13)
W<p<y

S/L

where B is fixed, and denote expectation after reweighting by e by Ec s.

Lemma 7.2 (Squarefree marked transfer under tilts). Uniformly for d = p or d = pq, with
distinct primes in (W, y],

Pes(d|m) =Pc(d|m)+ Opw(1/(dL)). (7.14)
If ¢ is a fized bounded-variation physical test, then

ol v
dL

Proof. Put Q(m) = 32y <, vp(m). Since Q(m)log W < log(Bn), the factor eBYL s uniformly
bounded. Moreover, for j = 1,2, elementary counting gives

| Cove,s(Lapm, p(m/n))| <pw (7.15)

(1+1log L)
7 .
Indeed write m = dk, discard smoothness and the head restrictions, and enlarge to k < Bn/d.

Since d has at most two prime factors, Q(dk) < 2 + Q(k). Expanding the first two powers into
prime-power divisibility indicators and using | X/e] < X/e gives

Ec{1lgmm)’} <w,; (7.16)

%ZQ(k)j < (1+ > Z:a) < (1+1log LY.

k<X W<r<ya>1
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Division by the cell size (7.9) proves (7.16).
Taylor’s formula, with the uniform exponential bound just noted, gives

Ece®'l =14+ L7'EcS + Op((log L)?/L?),
Eo(Lgme™") = Po(d | m) + L Eo(1gmS) + Op((log L)*/(dL?)). (7.17)

It remains to use cancellation in the centered first-order term. Expand S into prime-power
indicators. If the score prime r is not a factor of d, Proposition 7.1 applies to dr® for r* < y; the
product is then at most y>. Its main covariance is bounded by

1 at
—|hy(v(d) + at,) — hy(v(d))hy(at,)| <v —,
dre dre
because the expression vanishes at at, = 0 and hy is Lipschitz on the relevant compact range.
The at most two score primes dividing d contribute Op(1/d) directly. The marked errors and
the tail r* > y are summable by elementary common-multiple bounds. Since

Y Yt =ow),

W<rlyre<y

we obtain

1
|COVC(1d\ma S)‘ <<B7W E
Divide the two lines of (7.17) and use (log L)?/L? = o(1/L). This proves (7.14).
Insert ¢(m/n) into the same calculation. In every leading marked term, (7.4) factors the
same Lebesgue average of ¢. More explicitly, the first derivative at zero of the tilted covariance
is the third centered combination

ko (la, ¢, 9) = Ec(1a9S) — Ec(1a¢)EcS — Ec(145)Ece
—Ec(¢pS)Pc(d | m) + 2Pc(d | m)Eco EcS.

For each prime-power term of S, the common Stieltjes main term in these five summands cancels
exactly. Summing the remaining Stieltjes errors gives

¢l v log L

1
— 1
L|Hc( 40, 9)| <pw 1732

The three-factor Taylor remainder is Opw (||6||pv (log L)?/(dL?)), hence is o(||¢||sv/(dL)).
Together with the un-tilted covariance (7.12), this proves (7.15). O

Individual very high prime powers need not satisfy a relative O(1/L) stability statement
when the tilt itself contains that prime. The bridge does not need such a statement. It needs
the following aggregate transfer, which we now prove.

For a set E of at most two primes, let Sg be the score (7.13) with the primes of E omitted.
The extension from squarefree marks to arbitrary powers supported on F is recorded separately
because it is used in every local restoration.

Lemma 7.3 (Omitted-local-score transfer). If d < 3> is supported on E, then, uniformly in d,

Se/L ;
ECI(;;;E/L - hU(d(d)) +Opw(1/(dL)). (7.18)

For two divisibility indicators the same assertion holds with d replaced by their least common
multiple, provided that lcm is at most y3. If a bounded-variation physical test ¢(m/n) is inserted,
its leading Lebesque mean factors and the remaining error is Op w(||¢llBv/(dL)).
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Proof. Put
Qp(m) = Z vy (m).

W<r<y
r¢E

Writing m = dk, discarding smoothness and the fixed cell restrictions, and expanding one or

two powers of g into divisibility indicators gives, exactly as an elementary multiple-counting

estimate,

(1+log L)
d

The endpoint contribution is absorbed because d < y* and n/y* = n'/3. Since |Sg| < BQy and
eBE/L « B,w 1, Taylor’s formula reduces the desired ratio to bounding the centered first-order

Ec{14mQe(m)’} <w, (J=1,2). (7.19)

term.
Expand Sg as 3,¢p Mr _q>1 Lrajm- When 7 <y, the product dr® < y*, and Proposition 7.1
gives the main covariance

ho (0(d) + aty) — ho (v(d))ho (at,)
dra '

The numerator vanishes at at, = 0 and is Oy (at,) by Lipschitz continuity. Hence these main
terms sum to Op w(1/d), because

> Y =ow).

W<r<yr*<y

Their marked errors sum to Opw((1+1logL)/(dL)). For r* > y, elementary common-multiple
counting gives

1 1
Pe(dr® — + —.
c(dr® | m) <w e T
The reciprocal tails are Oy (1/d); the literal endpoints total Ow (yL/n) = Ow (1/d), since d < y3

and y*L = o(n). We have therefore proved

|COVC(1d|m, SE)| <B,w g
Using (7.19), the second-order Taylor remainder is Op w((1 + log L)?/(dL?)) = o(1/(dL)).
Division by the analogous denominator expansion, followed by (7.3), proves (7.18). A product
of two divisibility indicators is the indicator of their lem. Finally, inserting ¢ and using (7.4)
makes the same Lebesgue average appear in every leading centered term; it cancels, while the
Stieltjes errors are bounded by Opw (||¢||Bv/(dL)). This proves all assertions. O

Restore an omitted prime p. If A\, = e/l the exact identity

A =1 4+ 3 (A - AT, (7.20)
a>1
has o
a a—1 B Ba/L
X=X < e /L (7.21)

Let C > 0 be a fixed upper bound for every physical endpoint in the finite cell family. Fix once
and for all a bounded Lipschitz extension F : [0,00) — R of hy|jg 3, with F(0) = 1. For local

fugacities \, = ¢™/L_ define the finite coefficients

log(C*n)J A el 1 <a< A
A, = | —=—"—2|, =1, o= P P P 7.22
? { log p »0 » 0, a> A, (7.22)
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and similarly for g. The explicit two-prime model is

F(max(r, a)t, + max(s,b)t
Z Cp,vab ( ) p ( ) Q). (723)

qu T S pmax(r,a)qmax(s,b)

a,b>0

The following lemma supplies the two-local-factor calculation, including the terms beyond the
four-mark range.

Lemma 7.4 (Two-local-factor expansion). Let p # q lie in (W,y], put Iyr = 1,0, and allow
r,8 >0, with Io = To = 1. If p"¢® < y3, then the exact restoration of the two omitted local
factors satisfies the explicit formula

Qp.q(T,5) < 1 1)
E Irls) = =22~ 2 — ).
C,S( P q ) an(0,0) + OB»” prqsL + n

Moreover Qp4(0,0) =1+ Opw(1/(Lp) + 1/(Lq) + 1/n), so the denominator is bounded away
from zero for all sufficiently large n. In particular, whenever p* < y2,

t 1
| COVC75(ka,Iq)‘ < CBquq +OBw (pqu> . (7.24)

The transposed assertion is

1
’COVC,S( s q )’ < CBf + OBW(qlL> (ql < yz). (7.25)

Proof. Let v be the probability law obtained by tilting the allowed base law v¢c by eStwar/ LTt
C is an actual cell, v¢ is its normalized counting measure; if C' denotes a finite mixture, vo is
the probability mixture defined in (7.1). The density of v relative to v¢ is bounded above and
below by constants depending only on B, W. Elementary multiple counting and (7.9) give the
following estimate on every actual cell. For a mixture, apply that estimate cellwise to the tilted
numerator and use the uniform two-sided bounds for the (cellwise and mixture) normalizing
constants. Thus, for every integer D,

11
D — 4= 2
v(D|m) <pw 35+~ (7.26)

For D < 33 supported on p, g, the stronger formula (7.18) applies.
One local factor. Use the coefficients from (7.22). Since v,(m) < A, throughout the cell

family, this truncation leaves (7.20) exact. From (7.21), geometric summation gives, uniformly
for r > 0,

| p a’ 1 |Cp.al 1
> leval <Bw 1, Z BT o P <pw —. (7.27)
a>1 a>1 Lp oty P
The first estimate also follows directly by telescoping separately when A, > 1 and A\, < 1; indeed

A, =0Ow(L).
Two local factors. Multiplying the two identities (7.20) gives the exact numerator

Z CpaCab V(pmax(r,a)qmax(s,b) ’ m) )
a,b>0

The denominator is the same expression with r = s = 0. Split the (a,b)-sum according as

max(r,a)  max(s,b)

p g b) < y3 or pmax(r,a)qmax(s,b) > y3. (728)
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On the first part insert (7.18). By (7.27), the sum of all its marked errors is

1 |¢p,aCqybl
<BW Z Z max(r,a)qmax(s,b) <BW

apsoP p'q°L

On the complementary part, at least one of @ > r or b > s holds. Using (7.21) in that coordinate
and (7.27) in the other gives explicitly

Z |Cp,aCq,b

max(r,a) ymax(s,b)
a,b>0 p q
pmax(r,a) qmax(s,b) >y3

|pa|> Z |Cqb| ’pa| |qb| 1
2. sl Il DBl B D Dhn: ——. (7.29)
<a>r b>0 4 (s:0) aso0 P Py p q5L

The endpoint part of (7.26) is separate and is

1
- Z |epacen| <B W
" 0b>0
This proves the asserted tail split with every floor contribution retained.
For completeness, we now identify the covariance in the explicit model (7.23). Replacing the

terms outside (7.28) by this extension costs no more than (7.29). Hence

Eos(Iyrly) = 81”(( ))+OB’W(pT;5L+71L>’ (7.30)

The (a,b) = (0,0) term of @, 4(0,0) is one, while (7.27) bounds all remaining terms by
Opw(1/(Lp) +1/(Lg)). This proves the denominator assertion in the lemma (with harm-
less room for the literal endpoint), and in particular @, 4(0,0) <pw 1.

Rank-one cancellation. Write
Kp(z,z) = F(x+ z) — F(x)F(2).
Lipschitz continuity and F'(0) = 1 imply
|Kr(z,2)| <u 2, Kp(0,2) = Kp(z,0) = 0. (7.31)

If

)

F(max(r,a)ty)
Z Cp.a max(ra)
a>0

and Py(s) is defined similarly, then Qy 4(r,s) = Pp(r)Py(s) + R(r,s). Equations (7.27) and
(7.31) give

Pp(r)| <Bw ™", Pe(D)| <Bw q ',
t
R(r, )| <pw —~, R(r,0)| <pw —%—,
IR(r,1)] BW IR(,0)] BW T
t t
R(0,1)] < 4 R(0,0)| < 1 7.32
R(0,1)] <Bw T IR(0,0)| <pw g (7.32)

For example, the g-sum in the first remainder is bounded by
max(1,b)t t
e L

CBt
max (1,b) q Z
b>0 b>1
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whereas for R(r,0) its b = 0 term vanishes and the extra factor L~! remains. The two analogous
p-sums give the last two bounds.

Expand Qp4(r,1)Qp,¢(0,0) — Qp.4(7,0)Qp.4(0,1). The rank-one products P, P, cancel exactly,
and (7.32) bounds what remains by

|@mmn@w@m—vamwmwﬁn<aw;;

Combining this with the four instances of (7.30) gives

t 1 1
Cove.s(Lyr, 1, <CBq+OBw< —l—).
|Covos(hy 1| < Co o+ Opw (o + =
When p” < y?, the endpoint term is absorbed because p"q < 3® and n/y® = n'/3. This proves
(7.24). Interchanging p,r and ¢, s proves (7.25). O

We now perform all four aggregate prime-power sums. Let

Iy =1ym, V,, = vp(m), Jpi=Vo— Iy = Ly,
k>2

and use the weighted row norm

| K|lrow := sup p Z |K(p,q)|- (7.33)
W<psy weg<y

The order in which the local powers are summed matters for the later moving-low-cell
argument. We therefore record a box-uniform refinement of the preceding two-local calculation.
Its leading constant is independent of the radius of the compact tilt box.

Lemma 7.5 (Product-weighted aggregate power transfer). There is a constant Cpow > 0,
depending only on the fized Dickman parameter and the fized physical compact set, with the
following property. For every fivzed B, W there is a quantity epw(n) — 0 such that, for distinct
primes W < p,q <y,

iyt € n
3" | Coves(Lr, Ip)| < Cpow 52 + %() +Opw(L/n), (7.34)
= ¢ pYq
tpty  eBw(n)
> | Coves(p, L)l < Cpow g + =5+ Opw(L/n),
= pq pq
C tptq | epw(n) 2
Z ’ OVC75(ka,qu)’ < Cpow 5 9 + 5 5 —i—OB,[/V(L /TL) (7.35)
ki>2 b q b q
Moreover o
EcsJ2 < P EBWQW + Opw(L?/n). (7.36)
p p
Consequently
C
|Coves (Vi Vo) = Covers Ty, Il < 22 + e (), (7.37)

after enlarging Cpow by an absolute factor. In particular, the coefficient of 1/W in this estimate
does not depend on B. Here egyw(n) denotes one fized mazimum of the finitely many pair, tail,
endpoint, and row remainders appearing in the proof; the explicit admissible choice is given at
the end of the proof. Thus the same function is used simultaneously in all four displays.
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Proof. Four-mark chamber transfer. We first transfer the structured-cell formula through the
complete four-mark range while omitting the forced local primes from the tilt. For a set F of
one or two primes in (W, y|, put

Qp(m) =Y v(m),  Sp(m)= ) nuv.(m),

W<r<y W<r<y
r¢E r¢E
and let vp be the probability law obtained by tilting the allowed base law ve by /L. If
D is supported on E, then Qg(Da) = Qg(a). For each actual cell C;, one has #C; =y n,
and elementary multiple counting consequently gives the following bound on Cj, uniformly for
D < y*. Since the number of cells is fixed, averaging the cellwise expectations with the weights
in (7.1) gives exactly the same bound for an allowed finite mixture:

(1+1log L)
D

Here are the details needed for the second moment. On writing m = Da and discarding
smoothness and the cell restrictions, expand

QE((L) = Z Z]'Tb|a'

W<r<yb>1
r¢E

Eo(1pimQp(m)’) <w; (j =1,2). (7.38)

The distinct-prime terms in its square have mean at most Az, where

1 1

W<r<yb>1 W<r<y

The same-prime terms have mean at most

1 2¢—1
> Zm: > > <

W<r<yab>1 W<r<yc>1

<w 1+ log L.

This proves (7.38) literally.
We have |Sg| < BQg, while Qg (m)log W < log(Cin) for a fixed physical endpoint C. Thus
B/l <p,w 1 pointwise. Taylor’s formula and (7.38) show that

DL DIL?

1+logL n (1+logL)?
L L? ’

1+logL (1+logL)?
Ec(leesE/L)ZPO(D|m)+OB,W< o8 (1 + log )>7

Ece’s/F =14 oB,w<

The marked formula (7.3), valid uniformly through D < y* may now be inserted before division.
We obtain

hy (v(D))

(D < y* supp D C E). (7.39)

1+loglL
+ OB7W(+Og)

DL

There is no separate endpoint here: n/D > n'/9, so the endpoint in the structured-cell count
is absorbed by 1/(DL). For arbitrary D, the bounded density ratio and elementary multiple
counting give the fallback

ve(D|m)<gw D™t 4+nt (7.40)

We next record the product estimate for the Dickman profile using only the regularity
available across its kink. Put H = hy|[g4). The function H is bounded and Lipschitz, H(0) = 1,
and it is C1! on a fixed neighborhood of zero. Hence

|H(x + z) — H(z)H(2)| < Ckxz (,2>0, x+ 2z < 4), (7.41)
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where Ck depends only on U. Indeed, in a sufficiently small square at the origin the kernel
vanishes on both axes and its mixed derivative is bounded. If z is in that small interval and z is
outside it, Lipschitz continuity and H(0) = 1 give

|H(z+2z) — H(x)H(2)| < |H(x 4+ 2) — H(2)| + |H(2)| |H(z) — 1| € < xz;

the transposed case is identical. When both variables are outside the small interval, boundedness
gives O(1) < xz. This proves (7.41); in particular, no C*! assertion on all of [0, 4] is being used.

It remains to restore the primes of F exactly. Use the truncated coefficients ¢, , from the
proof of Lemma 7.4, so that (7.20) is exact on every allowed cell. Fix B, W and take n large
enough that A\, < 3/2. For r > 0, define

Cpa r
Dy(r) == Z pmaf(’(r!a), Cp(r) :==p™" + Dy(r).
a>1

Splitting at @ = 7, using |¢p | < (2B/L)/\g_1 and )\ﬁp <p,w 1, and summing the geometric tail
gives

1
a>1 Lp
r+1 .,
Dyp(r) <pw 7 = (r=1), Co(r) <pw p " (r>1),

and therefore

> Dylr) <pw

—,
r>2 Lp r>2

2r —3 1
> (2r = 3)Dp(r) <Bw —5. > < . (7.42)

r>2 Lp > P p

For example, in Dy(r) the two ranges satisfy
_ r Icp.a 1
Y lepal <Bw o > i SBW T

1<a<r a>r

These estimates also prove the aggregate displays.
Take first £ = {p,¢}. If N, is the numerator for p"¢® | m after restoring the two local
fugacities, exact expansion gives

N,
Nr,s — Z Cp.aCqb VE (pmax(r,a)qmax(s,b) ’ m) ’ PC,S(prqs ‘ m) _ Nr,s .
a,b>0 0,0

Apply (7.40) to every term other than (a,b) = (0,0). The coefficient sums just proved yield
[N = vB(0"a" | m)] <pw Dp(r)Cy(s) +p~"Dy(s) +n7". (7.43)

The endpoint is really O B,W(n_l), because the unweighted absolute coefficient sums are bounded.
Taking r = s = 0 shows

1 1 1
N()’g =14+ OB,W (Lp + fq + n> . (7.44)

Thus the local denominator is 1 + op (1), not merely bounded by a box-dependent constant.
For clarity, we make the summation implicit in the next displays literal. Put

1+logL 1 1 1
oo = O 55 ana = o (g ).
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where the constants are enlarged once below. Division by (7.44), together with (7.39) and (7.43),

gives, whenever rt, + st, < 4,
H(rt, + stg)
e
+ Dp(r)Cy(s) +p7" Dy(s) +

‘Pc,s(prqs | m) —

an + 2
<<wa

)

The one-prime restoration gives symmetrically

H(rt,)

A

an + 2 1 1 1
Pes(p” | m) — -

) pr

Lp
The required geometric sums are

r 2p—1 2r —3 p+1
Z T 1) Z o _ 1)2’ Z =

—1)2’
r>2p = plp = p(p—1)

in particular, all three are O(p~2).

D - 4
+ Dy(r) + ) 2p K BW + -

(7.45)

Combine (7.39) and (7.42)— (7.45), and sum these pointwise error majorants at fixed p, g

before passing to a prime-row norm. There is a quantity

1+loglL

17 s ozB7W(n) logL — 0,

apw(n) <pw

such that, throughout the indicated four-mark ranges,

H(rt, +t4) apw(n)

Pos(pq | m) — < — + Ow(L/n),
;2 ‘ P"q p*q
rtptte<d
H(t, + st apwin
> [Postoa’ | m) - Up T sto) | anw(n) | (Lym),
>0 pq pq
tptsty<d
H(rt, + st apwin
Y. [Pos®'’ | m) - ( P~ ) < —% 5 )+OB,W(L2/n)-
r,s>2 b q p°q
rip+stqg<4

The one-prime restoration gives in exactly the same way

H(rt « n
S |Peser | m)— 20| c oW ®) o),
r>2 p
rtp<4
H(t « n
Pe.sta | m) - (qq) < B’qu( ) 0w (1/n)

By symmetry, the high-power marginal needed in the IJ and JJ products is

H (st apwi(n
Z Pos(q® [ m) — (Sq) < — 2( ) + Opw(L/n);
s>2 q q
stg<4

(7.46)

(7.47)

(7.48)

the analogous first-power estimate at p follows by exchanging p, g in the second line of (7.47). All
errors in these displays have been accounted for explicitly: (7.39) contributes Op w ((1+log L)/L)
times the reciprocal series, (7.42) contributes Op w (1/L), and there are only Oy (L), respectively

Ow (L?), endpoint terms.
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Let
H(rt, + sty) — H(rtp)H (stq)

P

Use |ab — apbo| < |a — ao||b|] + |ao||b — bo| with (7.46)— (7.48). For the JJ marginal error only,
enlarge the coupled chamber to the containing Cartesian product. The geometric sums in (7.45)
then give the literal covariance error ledger

Iys:= Cove,s(Ipr, Iys), Krs =

@]
S ot — K| < 2V (L),
r>2 p q

rtpdte<4d

Z |P1,s - K1,5| S
s>2
tp+sty<4

Z ’Fr,s_ rs| < 5 ) +OBW(L2/n)
r,§>2 p
rtp+stg<4

apw(n)
T + OB,W(L/H),

Finally (7.41) and Y_,5,7/p" < p~? show that the complete four-mark chamber contributes at
most

tytq tptq
CPTJF%()JFOBW(L/n) crL +%()+OBW(L/TZ)
p=q p’q pg? pg?
t,t OéB,W(n) 2
pgqq2 + p2q> + 0w (L7/n), (7.49)

in the JI, IJ, and JJ orientations. The constant C' depends only on U, and in particular is
independent of B, W.

Beyond-four-mark reciprocal tails. We now treat every forced product beyond y*. The full
tilted measure also has bounded density ratio, so

Pes(D|m) <pw D' +nt. (7.50)

For JI,if rt, +1t, > 4, then
(r—2)t, >4—t,—2t, > 1,

so the reciprocal tail is at most Opw (Ly~!/(p?q)). The transpose is identical. For J.J, put
E,s = (r—2)t, + (s — 2)ty. The case r = s = 2 cannot occur. If exactly one exponent exceeds
two, say r > 3,s = 2, then rt, > 2 and

2(r—2)

ET’Q = (7“ - Q)tp > .

>

OJ\[\D

If both exceed two, then rt, + sty = 2(tp, +t4) + Er s < 3E, 5, so E,. s > 4/3. The JJ reciprocal

tail is consequently O B,W(Lzy_z/ 3/(p*¢?)). The elementary inequality
|Cov(14,15)| <P(ANB)+P(A)P(B)

and (7.50) also show that all literal endpoints are Op w(L/n) in JI,1J and Op w(L?/n) in JJ.
Thus the complete tail and endpoint ledger is

‘ reciprocal tail ‘ literal endpoint
1J | Opw(Ly~'/(pe®)) Opw(L/n)
JJ | Opw(L2y=23/(p%¢%)) | Opw(L?/n).
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Together with (7.49), this proves (7.34)—(7.35) with an intermediate pair error

l+locl. L L2
eg?w(n) <Bw Tg + ; + Wa fg,)w(“) log L — 0. (7-52)

For the diagonal, repeat the omitted-score and exact-restoration argument with £ = {p}.

Since
JP = (2r = 3) 1y,
r>2
(7.42) and the one-prime version of (7.39) give, for rt, < 4, an absolute leading bound C/p?, an
egw( )/p? error, and an Op w(L?/n) endpoint. If rt, > 4, then (r — 2)t, > 4 — 2t, > 2, so

the remaining reciprocal tail is Op w (L?y~2/p?). This proves (7.36) with a leading constant
independent of B, W.

Aggregate row norm. Finally, sum the three off-diagonal bounds in the row norm. For fixed p, the
contraction uses the following literal finite-sum factorizations (with ¢ = p omitted throughout):

Chowlpty Chowlply Chowlply th—ta tq Ip— tq
pZ( 2q 2 22>_ pow Z ’PZ Z

q#p pq Pq q#p q#pq p q;ép

The same identities with the ¢’s removed factor the three error terms. Thus no interchange
of an unscaled o(1) with the prime sum is being used. These exact identities give the explicit
orientation ledger

m in T Eg)w(n) 1
2 <<—Z T <= -,
P Fa
mam q err (0) 1
q
(0)
. € (n) 1
Ry < L3, A D1
. P Ga
The leading terms use
t 1 1
> L=0(), 27<<W'
W<q<y q >Ww 1

The only harmonic loss is in the unweighted JI pair error, and (7.52) gives

%)W Z <<653)W( )log L = o(1).
q<y

For the endpoints, p <y, 7(y) < y, and the worst JJ term in (7.51) give explicitly

L2 y2L2
pr(y)— <
mn mn

On the diagonal, I,J, = J,, 0 < J, < Jg, and hence

= o(1).

| Var(V},) — Var(1,)| < 2| Cov(1p, J,)| + Var(J,) < 3JEJ5.

Thus its weighted row contribution is O(1/p) < O(1/W), with the same box-independent leading
constant. With a sufficiently large constant Cgw, define

2L2
ew(n) = Cpw {ESB)W( )log L + yn } :

This single function simultaneously dominates the pair and row remainders and tends to zero.
This proves (7.37) and completes the proof. O
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We retain the following direct row calculation as an explicit verification of the truncated
marked range, every high-power tail, and every endpoint. Its crude B-dependent leading
constants are not used to choose W; that box-uniform choice comes only from Lemma 7.5. The
calculation also supplies the physical and coefficient-weighted corollaries used below.

First, (7.24) and Mertens’ estimates give the J,I, orientation

p Z Z |COVC’S(ka,Iq)|

W<q<ly k>2
a#p  ph<y?
1 1 1
<CBPZ Z +Opw Z — S8 <p ~ +owa(l/p). (7.53)
k>2 q<y k>2 p <y q p
For the transpose I,,J;,
P Z Z | Cove,s(Ip, 1)
W<q<ly [>2
a#P  q¢'<y?
{CBtp—I—OBW } Z Zf <B f—l-OWn(l) (7.54)
q>Wl>2

Here Y t,/q = 0(1), L' Y 1/qg = o(1), and 3 ;5o g t< WL
The bounded tilt has density ratio Op(1 ) relative to C, independently of W. Thus Proposi-
tion 7.1 gives, for distinct p, ¢ and p*q¢' < y?,

1 1
COVC,S Ly, 1)< — +OB,W(> .
’ ( p q )’ pkql pk’qZL

For arbitrary k, [, elementary common-multiple counting gives the fallback
1 1
COVQS Li, I <pw — + —. 7.55
| Coves(Lye. L) | <paw =i+ (7.55)

There are Oy (L) relevant powers at each prime. Consequently the part with pFq¢! < y*
contributes

1
<5 5 + own(1).
For the reciprocal part beyond 3*, split according as p* > y? or p* < 3?; in the latter case
necessarily ¢! > 32. Hence

1 —2
P Y < Y Y Y
>W, ki>2 >Wi>2 ¢ k>2 p a<y, 122 ¢
prat>y? g >y?
1
<w —-
Yy

Using (7.55) on this part, the complete two-extra-power orientation is therefore

1 pyL?
p Z | COVc’s(Jp, Jq)’ <pB 7W + OWm(l) + OB,W .
W<g<y p "

q#p
The endpoint term is uniform and is o, (1), since p <y = n2/9.
The portions omitted from (7.53) and (7.54) are also explicit. From (7.55),

P>, Y. |Coves(T, I)| <pw py~ QZqu BW(pyL>:On(1)7

q<y pk>y2 q<y
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L
pz Z |COVC75(Ip,qu)| <B,w y_l +OBw (py > = o,(1).

n
q<y g >y2

Thus every endpoint contribution has the advertised form O(pyLP™M /n) = o(1).
Finally consider the same-prime diagonal. Since

Jp = (2k = 3) L,
k>2

the marked bound through p* < y*, followed by the elementary tail bound, gives

EcsJp < plz +Opw (pzlL + ;1 + Ii) -
Moreover I,J, = Jp, so
p|Varc s(Vy) — Varg s(Ip)| < p{2| Cove s(1p, Jp)| + Varc s(Jp)}
<pB 119 + own(1) + Opw (pL?/n).

The preceding displays control every high-power and endpoint tail. The box-uniform leading
terms are supplied by Lemma 7.5; together they give

Cpow
||COVC,S(‘/;77 ‘/;1) - COVC’7S(Ip, Iq)Hrow S '[I/)I; + EB,W(n) (756)

To record explicitly the relative estimate used later, suppose that a coefficient vector satisfies
2

b b
oo + 322l < o, % < G, (757)
p P p P

where Ceyp is fixed independently of the compact tilt box and before W' is enlarged. Put

A1 ::Zitp’bp” A2 Z:th’bp’, Bl ::Z’b;’, B2 :Z@
p p

2
p p p p

Since 0 < t, < 1land p> W,

Ay, By < Compw, Ay, By < Ccmpw

(7.58)

The product-weighted bounds (7.34)—(7.35) now give, with their reciprocal tails already included
in 6B,VV(n)7

Z |bpbg| {| Cov(Jp, Ig)| + | Cov(lp, Jo)|}
P#q

< CpOW(A2A1 + A1A2) + GByw(n)(BgBl + BlBQ)
C(CCmP)
7%

Similarly, (7.35) and (7.36) contribute

< w? + C(Cemp)enw (n)w?,

b2
CpowAg + EB’W(n)B% and {CpOW + EB,W(n)} Z ZTIQ)’
p
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respectively. By (7.57) and (7.58), these are Oc,,,, (w?/W) plus C(Cemp)ep,w (n)w?. Keeping the
harmless numerical factors visible, and enlarging C,ow once, the entire non-endpoint contribution
is bounded by
3CP0W<Cgmp + Ccmp)
w

Indeed the off-diagonal products use A, By < Cempw /W, while dop b}%/p2 <Ww-1 dop bz/p; the
last comparison uses only W~ < 1 and the nonnegativity of Cfmp + Cemp- This is the scalar
contraction recorded in the finite Lean audit, rather than an implicit nonlinear use of the
O-notation.

It remains only to sum the literal endpoints, rather than fold them into an unscaled o(1).

The coefficient bound gives

+ 3(Cgmp + CCmP)EB,W(n)wQ'

p

Consequently the JI/IJ, JJ, and diagonal endpoints are, respectively,

yL
—§ |bpbg| < C2pw®
pséq

2L2
Z!bb\<< 2t

n
p#q

yL?
TN R <0t w??

All three are o,(w?). Define, for this fixed comparison constant,

61EIWC’Cmp( ) = C(Ccmp) {GB,W(n) + ijQ } . (7.59)

After increasing the fixed factor C(Cemp), this also contains the smaller y?L/n and yL?/n
endpoint terms. Hence EIE}WCCmp (n) — 0 for every fixed B, W, C¢mp. The complete reciprocal

tails and all coefficient factors are now recorded in this single relative remainder. Consequently

Varc g (Z b,,Vb) — Varg g (Z prp> < Crel(Cemp)
P )

w
where Crel(Cemp) is independent of the tilt-box radius. Formula (7.59) records explicitly the fixed
coefficient loss and all endpoint and local-fugacity remainders; the threshold for its convergence
may depend on B, W, Cemp. Thus no unrecorded transpose or diagonal term is being absorbed
in the relative estimate used in Section 8.
The Stieltjes form of (7.18), followed by the same local expansion, gives for p* <y

¢
| Cove,s (L, @(m/n))| <pw Hpk‘iv )

w? + €5 ooy (MW, (7.60)

2

For the omitted exponents, comparison of the tilted and untilted densities and the elementary
count of multiples give, uniformly for W < p <y,

L 1
> Posp" | m) <sw y~ +—o( L)
pk>y? p

Indeed, after division by the cell size, the geometric multiple-counting term is O(y~2), while the
+1 endpoint is summed over at most O(L) exponents. Relative to 1/(pL), the two displayed terms
have ratios at most L/y and yL?/n, respectively, and both tend to zero. Since the covariance
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of a divisibility indicator with the bounded physical test is at most twice its probability times
l|¢||co, Summation over every exponent now proves

| Cove,s(vp(m), p(m/n))| <pw ”‘bp”fv. (7.61)

A further physical factor e$?(™/™)/L = 1 4 Op(1/L) is handled by the same expansion.
Reweighting the finitely many exact head cells in a compact positive box also preserves every
estimate, because their normalized main marked profile in (7.3) is common. We have therefore
proved uniform one- and two-prime kernels, the physical Stieltjes column, and the aggregate
O(1/W) prime-power transfer throughout the complete compact band, physical, and finite-head
homotopy used in the next section. At no point was an arbitrary residue class or a U = 5/2
terminal estimate invoked.

For later reference we isolate the preceding stability statement, including the effect of the
guarded deletions.

Corollary 7.6 (Compact full tilt and guarded cells). Let v = >, \iv; be a fived finite cell
mizture as in (7.1), with its nonzero weights in a fized compact subset of the relative interior.
Reweight it by

dl/g 1 1 ©

78 - — Hy .62
m) = exp{L <s<m> + Colm/m) + 3 e<m>> } (762)
where the effective prime fugacities, ¢, and the finitely many k¢ lie in a fixed box, ¢ is bounded
with bounded variation, and the centered head indicators are bounded. Then

i) there are constants 0 < cgw < Cpw < 0o such that cgw < dve/dv < Cpw pointwise;
( ) b b b 5 K p

(i) all squarefree, prime-power, physical, and coefficient-weighted estimates in this section hold
uniformly under ve, with the same box-independent coefficients of 1/W ;

(iii) if a set R84 of at most O(yL™) numerical guards is deleted before normalization, the
change in every normalized one- or two-mark prime-row operator, and hence in its har-
monically averaged band operator, is

21 A+3
y°L 1
O = « ap < . 7.63
B,W ( n ) On( 0)7 0 log [ ( )

In particular the deletion error remains relative at the moving low cell, not merely o,(1).

Proof. The elementary inequality
Q(m)log W <log(Cyn)

gives |S(m)|/L < B/logW +Opw(1/L). The physical and head scores in (7.62) are O w (1/L).
Normalization therefore proves (i). Taylor expansion of the latter two factors has a uniform
Op,w(1/L) remainder. The Stieltjes formula makes their leading physical average cancel in
centered marked moments, while the common marked profile of the head cells makes the between-
cell term cancel. Combining this with Lemma 7.2 and Lemma 7.5, together with (7.60) proves
(ii). We shall also use the following component-level consequence of the same calculation. Let
v; ¢ be the conditional law on the i-th exact component cell before the numerical guards are
deleted. Then, uniformly over the finitely many nonzero components and the fixed box,

1
sup (Ey, [Vp —Ey, V| <Bw oL (W <p<uy). (7.64)
1,4 ’
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Indeed (7.11) proves this before tilting. For p* < 2, the one-local specialization of the omitted-
local-score expansion and exact fugacity restoration used in Lemma 7.5 writes every component
mean as the same restored local model, with error
1 1
(@) — 4+ — .
B,W (pk I + n)

Summing k gives Opw(1/(pL) + L/n) = Opw(1/(pL)), since pL?/n < yL?/n = o(1). The
omitted powers are o(1/(pL)) by the tail calculation immediately preceding (7.61). A physical
tilt is 1 + Op(1/L), and a head tilt is constant on each exact component, so neither changes this
comparison. Thus (7.64) is a displayed consequence of (ii), rather than an implicit appeal to a
common profile.

We first make the component-weight bookkeeping literal. If the later construction prescribes
weights \; for the individually guarded component laws, put

~ )\,/54
S; = Vg R%uard ¢ s /\i = #.
(( )) SN/

Every component has Oy (n) candidates, so

LA
1—s <w yT =o(1)

uniformly in the fixed finite component family. Hence all s; are positive and the weights i
remain in a fixed compact subset of the relative interior whenever the prescribed A;’s do. The
exact measure identity

(ZA Vz> (] (REwr)) = Z)\ vi (-] (REwd)e)

follows because the conditioned weight of component ¢ on the left is NiSi / > stj = \;. The
identity remains exact after applying and normalizing the same positive exponential tilt on both
sides. We may therefore apply the pre-deletion estimates to the compact mixture with weights
XZ-, and recover precisely the prescribed guarded mixture after conditioning. This also covers the
simpler case in which the guards are deleted directly from a globally weighted mixture.

Let v¢ denote the resulting pre-deletion tilted law, ¢ the actual guarded tilted law, and put

J¢ 1= vg(RE),
Every component cell has Oy (n) candidates, and (i) makes the probability of a single candidate
Op,w(1/n). Hence, uniformly on the fixed box,

L
Se <B.w yT = o(1). (7.65)

We use the following elementary conditional-deletion identities. If y is a probability law, G has
w(G) =9 < 1,and = u(-| G, then, for every bounded F,

0B, F —E,(Flg)

E;F —E,F = s :

’EAF E F‘ < 7||F||Oo (7.66)

Writing the covariance difference as

Covs(F, H) — Cov,,(F, H) = {E;(FH) — E,(FH)}
—{E;F — E,FYE-H
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— ENF{EQH -E,H}
and applying (7.66) three times gives the explicit recentered bound
66
(Covy(, H) = Covy (B H)| < 75 | Flloc | ] . (7.67)

Thus both normalization and the two changes of means are included.
Apply this with p = vg, G = Revard and V, = vp(m). On every candidate, for all sufficiently
large n,

1
pV,(m) < yL, S Vim) < = <y I (7.68)
W<r< log W
r<y
Let
Eg;‘ard = COV’V\E(‘/p, V) — COVVE(%, V.).

For fixed p, duality with Hy =, 0.V, ||b]|cc < 1, followed by (7.67)— (7.68), gives

p Z Eguard| — Sup p COVA (‘/})7 Hb) Covyg(‘/;” Hb)‘
Worey Ibllec <1

<Bw 5§yL2 <BW (7.69)

The expectation bound in (7.66) proves the analogous one-mark estimate; replacing either V'
by I, = 1,,, or the second score by a bounded physical or finite-head score, only makes the
envelope smaller.

It remains to identify the norm after band aggregation. For ||b||s < 1, the covariance-error
contribution on band 7 is bounded exactly by

Z Z Eguardb

pEP; T

[ 151 (xieg)

Z pEP

< Sup Z | EBuard,

. : : d . .
Denote this raw normalized band covariance-error operator by Ep, o ". Thus harmonic averaging

is a contraction of the normalized prime-row norm (7.33); the uniformly bounded arithmetic
gauge projections do not alter its order. For completeness, the sharp conjugation used later also
follows from the displayed relative rate. Put S, = diag(ap, ..., as). If ||¢]lcc < 1, apply the raw
row estimate to b; = «;q;, for which ||b|| < 1. Dividing output row ¢ by «; gives

2LA+3 2LA+3
<Cw Y

)(SglEﬁ;liEdan)i\ <Bw = o(1).

nog

Indeed, once the cells are nonempty, ag < 6 < aj for every j > 1: the low cell is contained in
[to, 0], every positive cell lies in (4, 1], and nonemptiness follows for the fixed finite permitted
mesh from the prime number theorem. Thus g is the smallest cell center. The arithmetic
quantities H;, a;; are prime geometry and hence are unchanged by deleting candidates. The gauge
projections are uniformly bounded in this sharp norm by (8.41). This proves (7.63). Finally
Y2 LAY3 fn = n=5/9LAS = o(1/1log L) = o(ay). O

8 The smooth-row bridge and exact finite-band fitting

In this section we complete the fractional construction left by Section 6. We use throughout
= logn, N = —, 0=—, y=n, Uzﬁflzg.
L 9 2
The real cutoff W, the head set Fy,qg = {p : p < W}, and the head modulus P,q have already
been fixed. All constants in this section may depend on W, but not on n or on a prime in (W, y].

n 2 0
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8.1 The integer row ledger and the active physical target

Recall that Y = T/D’ is the target remaining after the anchor divisor has been removed, and
that By is the combined product of the fixed lower factors and the base states of the precharged
switch banks. The rough-stage residual is

rp = vp(Y) —vp(By) — Z zqUp(a
acA
as in (6.51). In the trivial complete rough-signature row the fractional selector has the additive

decomposition
l,sm — l,top 4 fprot + Zact' (8.1)

Here x*°P is the constant-density component on the short top interval H = (2n— Kh, 2n], fP*!is
the broad layer of weight Spyot/L reserved for the tangent construction, and 2! is the adjustable

broad excess. The support of 22 is contained in

J = (n,2n — Kh,

and is therefore disjoint from the support of z'°P. The protected summand may share numerical
coordinates with 22°%; in that case the final inclusion weight is their sum. Only 22! is differentiated
below. In particular, neither z*°P nor fP™! is ever folded into the bridge probability measure.

We first record the integer-versus-real distinction which will also be needed in the final
rounding. Freeze By, all nonsmooth fractional rows, the whole top component, the protected
floor, and every other smooth seed not used in the interpolation below. Let mgy, fx be the
number of fixed factors of By in the smooth signature row, and let mgy, i be the total mass of
all frozen contributions in that row. Put

— to rot
Mgsm,oth = Msm,fr — Msm, fix — E Ly P — E : .

Let qp = 23 he the actual active mass left by the guarded rough construction, before any
interpolation in thls section. Thus the actual post-guard mass in the smooth row is mgm t + qo-
Define, without an asymptotic replacement,

Qsm(O) = aI‘kgHZIiII ‘k — (msm,fr + (70)‘7 qo ‘= Qsm(o) — Mgm,fr;
(S

break a possible tie by taking the smaller integer. In particular, |go — Go| < 1/2. Choose the
integer total smooth-row quota Qsm(d) = Qsm(0) — d, and define

qg];X( ) = Qsm(d) — Mem fix € 4, (8.2)
act( ) Qsm( ) Msm,fr = 4o — d.

Thus ¢*“*(d) is a real mass; it need not be an integer. The exact ledger identity is

Qsm( = Mgm fix T Z $t0p + Z prot + qact ) + Mgm oth, qgrix(d) € Z. (8'3)

Equivalently, the total weight of the flexible numerical coordinates in the smooth row is qﬂeX(d).
There is no separate integrality requirement on any of the four real summands on the right-hand
side of (8.3).

We now define the two frozen ledgers without identifying fractional mass with a cardinality.
Let %y be the set of frozen integral factors (so that its contribution includes By), and let 2y be
the set of all frozen fractional coordinates, with their actual weights denoted by z0. The active
coordinates 22" are excluded from 25. Put, exactly,

mg = #F+ Z 332, Ag = Z loga + Z mgloga.

a€Zo a€Fy ac€ 2o
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Thus mg is the exact total frozen mass, generally not an integer, whereas Ag is its ordinary
logarithmic contribution. In particular log By is included in Ag, while log D’ is not, since D’ has
already been divided from the target. The source of the mass estimate is explicit. The charged
fixed tokens together with the flexible mass in every nontrivial row total exactly tg. Summing
those identities and adjoining the actual post-guard smooth raw mass gives

mo + go = Z tr + {actual post-guard smooth raw mass} = h + O(N/L).
R#1

The nearest-integer initialization changes this by only O(1). Together with the corresponding
height estimates from the rough stage, this gives

mo + qo = h+ O(N/L), Ao =moL + O(N), logY = hL 4+ O(N).

The first relation uses the same exact convention for every retained factor, bank base state,
guard, and fractional row. Consequently

Ao :=logY — Ag — qoL = O(N).
For ¢**(d) = qo — d, the height above n which the active smooth component must supply is
A(d) :=1logY — Ay — ¢**(d)L = Ay + dL. (8.4)
Fix once and for all a number u € (0,1log2), and let d be a nearest integer to

_ K0 — Ao
L+p

The bounds above give d = O(N/L). Since gp < N, they also give

d, : (8.5)

¢*°*(d) < N, qigilc)l) =u+ O(L/N).
This centers the mean of the remaining active smooth mass; it is not a statement about the mean
of all lower factors. In particular, retained exceptional factors and bank states have already been
charged in Ag.
Here is the promised literal feasibility of the two mass changes. Before freezing the head
cells, keep two disjoint positive-length subintervals of the zero-head stratum

{me J: P (m) <y, (m,Pu) =1},

one below and one above e#n. The rough active density is a fixed positive multiple of 1/L
there, and the unused ceiling is bounded below by a fixed constant. Fach subpool consequently
has both removal capacity and addition capacity >w N. First change their combined mass
by qo — Go = O(1), and then by —d = O(N/L), splitting each change between the two pools.
Spreading these changes uniformly alters an individual active coordinate by Oy (L~2). All head
valuations remain zero, no coordinate leaves [0, 1], and the two physical splitting parameters
remain a fixed distance from their endpoints. Thus the mass after this operation is exactly
q**(d) = qo — d. The later two-pool interpolation changes the split, but not this mass. This
proves, rather than assumes, that every integer d used in (8.5) is attainable.

8.2 Exact head cells and physical interpolation

After the choice of d, subtract from the target each frozen head valuation and let AgCt be the
valuation still assigned to the active smooth component at p < W. This quantity has a useful
coordinatewise verification. Put

o 1= {<c— Co)/3(p = 1)), P € Fane,
" C/(Q(p - 1)), p € Fiq \ Fone.
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The nonsmooth flexible point, the protected layer, and the initial active smooth point are all
Fpg-free. Hence the only head charge besides D’ is the already combined base By. From (4.23),
its preserved form (5.16), (6.47), and (6.48), we have simultaneously

At = vp(T) — vp(D') — vp(Bo)

Oy
> {'Vp,W - ngp} N —ow(N) > 2eiwy N (p < W),

(8.6)

after the prescribed choice of d, and then sufficiently large n. Also A3 < v,(T) < CwN.
Changing d uses only the zero-head pool just displayed, so it changes every one of these targets
by zero (and, even without that choice, an Oy (N/L) change would be smaller than the fixed
linear margin). Consequently

ewN <A <CwN  (p<W).
Choose a fixed integer Ey so large that

(A;Ct )pSW
qact (d)

with a fixed positive barycentric margin. The margin follows directly from (8.6), not from a
limiting interiority assertion. Explicitly, the coefficient of Ewe, is A2 /(Ew¢**(d)), and the
coefficient of 0 is one minus their sum.

The vertices in (8.7) are realized by exact valuation/coprimality patterns: the zero vertex is
ve(m) = 0 for every ¢ < W, and the p-vertex is

€ int conv{0, Eye, : p < W} (8.7)

vp(m) = Ew,  v(m)=0 ({<W, {#p).

These are finite divisibility inclusion—exclusion cells, not residue classes. By Proposition 7.1,
each such pattern has Oy (n) y-smooth members in every fixed positive-length subinterval of
(n,2n].
Choose ng > 0 so that
O<p—mo<p+mn <log2

and then fix constants

l<a_ <b_<et ™, el < q, < by < 2.
For every n, define the scaled intervals

I_(n):=(a_n,b_n], I (n) := (ayn,bin].

Since (2—b4)n > Kh for all sufficiently large n, one has I (n) C (n,2n— Kh|; the corresponding
containment for /_(n) is immediate. In each head pattern reserve positive-density smooth
subpools in both I_(n) and I;(n). Assign the barycentric masses from (8.7), subtracting exactly
the mass assigned from the active zero-pattern stratum. Thus no new ©(N) mass is added.
Split each pattern mass between its two physical subpools. The two logarithmic means lie on
opposite sides of p; hence a compact choice of the splitting coefficients makes the total active
logarithm equal to (8.4) exactly. The O(L) error caused by rounding d, is removed by changing
one splitting coefficient by O(L/N) = o(1).

Every assigned cell has Oy (n) candidates and receives Oy (IN) mass. Its individual weights
are therefore Oy (1/L). The barycentric and physical splitting margins leave a positive-density
zero-pattern active component with weights bounded below by a fixed multiple of 1/L. This
component, rather than the frozen protected floor, supplies all covariance lower bounds below.
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The Stieltjes estimate (7.61) also shows that the physical and head redistribution changes a
marked valuation at p > W by at most

Ow (}ﬁ) . (8.9)

We summarize this construction as a measure-realization lemma, so the probability space
used by the bridge is not left implicit.

Lemma 8.1 (Baseline active-measure realization). Let & = {0} U {Ewe, : p < W} be the
finite head-pattern simplex above, and let o € {—,+} indicate the physical interval 1,(n). Put
qn = q*Y(d). After deleting all numerical guards, there are disjoint structured cells Ce 5, and
masses e qn > 0 such that

U=, Y. Aco(MVeom, Aeo(n) = ean (8.9)

€€ ae{—+} n
is a probability measure, where Ve 5.y is uniform on Ces.. More precisely:
(i) the vector (Aes(n)) stays in a fized compact subset of the open simplex;
(ii) #Ceom = Ow(n), also after guard deletion;

(iii) the coordinate realization

0 Ge,omn
=250 cC.p 8.10
Zm ééCe,o,n (m €, ,Tb) ( )
satisfies 20, = Ow (1/L), and on a fized positive fraction of the zero-head cells one has

20 > ew/L;

(iv) after addition of the frozen protected weight at a shared clean coordinate, the total weight
is still Ow (1/L) < 1 for large n; and

(v) the total mass is exactly qy, all head moments are exactly (A5"),<w, and the ordinary
logarithmic moment is exactly A(d).

Proof. For a fixed head pattern and sign, let C¢ ;5 , be the smooth members of the corresponding
scaled interval with that exact valuation and coprimality pattern, after disjointification and
guard deletion. The marked cell estimate gives Oy (n) members before deletion. By Lemma 6.5,
the whole excluded set has size O.(N) + O(yL) = o(n) (and its intersection with the active
smooth row is smaller). Hence the same Oy (n) estimate remains after deletion. The strict
barycentric margin in (8.7) and the strict two-sided physical split put every normalized assigned
mass in a fixed compact subset of the open simplex. This proves (i), (ii), and (8.9).

Since g, < n/L, formula (8.10) gives the upper bound in (iii); the compact lower mass and
the upper candidate-count bound give the asserted zero-head lower bound. These cells lie below
2n — K h, hence are disjoint from the top component, and all other unavailable coordinates were
deleted as guards. The only allowed overlap is with the protected layer, whose weight is itself
Ow (1/L). This proves (iv). Finally the barycentric equations are exactly the head equations,
the two physical split parameters were chosen to solve the ordinary logarithm, and their weights
sum to ¢,. These are finite linear identities, proving (v). O

8.3 The Poisson—Dickman covariance operator

We next prove the analytic inverse used for the band fit. Let II be the scale-invariant Poisson
process on (0, 1], conditioned on },cyt = U = 9/2. Set

p(U —s)
pU) ’

pU—s—1)

) = p(U)

K(s,t) = — h(s)h(t),
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with p(v) = 0 for v < 0. The Palm identities (2.15)—(2.16) imply that the covariance of the
additive statistic > ;cpp f(¢) is the quadratic form of

1
(AN = h(s)1(5) + [ K(s.000) T

Put F(z) = p(U — 2)/p(U). The Dickman delay equation shows that F € C?[0,2]: indeed
U -z € [5/2,9/2], a compact interval on which the two differentiated delay equations are
continuous. We have h(s) = F(s) and

K(s,t) = F(s+1t)— F(s)F(t).
Since F'(0) = 1, a mixed first difference followed by Taylor’s theorem gives
|K(s,t)] < st (0<s,t<1). (8.11)

Lemma 8.2 (Poisson-Dickman quotient inverse). On H = L?((0,1],dt/t), the operator A is
nonnegative, Fredholm, and
ker A = span{t}.

Consequently there is a constant kg > 0 such that

1 dt
(FAS = w0t [150) = xe? (8.12)
A€R Jo

On bounded functions one also has

it [f = Mlloo < 4]l (8.13)
Moreover, on

Xe:=A{f: @)/t e L=0,1]},  [[fllx, = 1)/t

one has the weighted quotient estimate

. Af

inf I = xel < | | (8.14)

Proof. Let
D:={feL>*0,1]: f =0a.e. on (0,¢) for some € > 0}.

This is dense in H = L?((0,1],dt/t). For f € D, the additive sum Sy = 3, f(z) has only
finitely many nonzero terms. The one- and two-point Palm formulas therefore give, first for
fr9€D,

COVU Sf, / h

+// K(s,t)f )d“ff (f, Agn. (8.15)

Multiplication by h is boundedly invertible on H. Also, by (8.11),

// K (s, dsdt

Thus the integral part is Hilbert—Schmidt, the bilinear form (8.15) extends continuously from D
to H, and A is the resulting bounded self-adjoint operator. Nonnegativity on the dense core
passes to the extension. Since A is an invertible multiplication operator plus a compact operator,
it is Fredholm of index zero.
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If Af =0, the integral equation and (8.11) give the explicit Cauchy—Schwarz bound

1 1/2
([ 1GOPT) 1l < sl
0

for almost every s. Here miny ;) h > 0, since U — s € [7/2,9/2]. Change the representative on a
null set so that this holds for every s € (0,1]. Then

Z |f(z)| < Z r=U Py-almost surely.
z€ll z€ell

£ (s)] <

min h

The same bound makes all one- and two-point second-moment integrals finite. Truncating at
x > € and using dominated convergence extends (8.15) to this particular f. Consequently

Vary (Sy) = (f, Af)n =

Thus Sy is a genuine almost-sure constant: for some c,

)= Z f(z) —c=0 for Py-almost every m.

TeT

We spell out the Palm disintegration which turns this almost-sure statement into an additive
identity. Campbell-Mecke, disintegrated with respect to the total mass, says for every nonnegative
measurable ¢

d
Ey S 011\ {r}) = / p(U — )y, d(r,11) & (8.16)
rell r
dr ds
EUZCI)TSH\{TS} //p —r—3s)Ey_p_s®(r,s,1I)——.  (8.17)
r,s€ll r S
T#S

Terms with a negative residual mass are interpreted as zero. These formulas follow first with
all atoms at least ¢, where the sums are finite, and then by monotone convergence. Apply
(8.17) to (Ze(m) + f(r) + £(s))? and (8.16) to (Zc(m) + f(u))?. Their left sides vanish. Since
p(U —r —s) >0 for r+s < 1, we obtain, for almost every such pair (r,s), under the same
residual law Py _,_,

Ze() + f(r) + f(s) = 0
ZoM) + f(r+s) =0.

For the second equality we used the one-point formula at u = r + s; the pullback of its null set
under (r,s) — r + s is null by Fubini. Subtraction gives f(r) + f(s) = f(r + s) for almost every
r,s > 0 with r + s < 1. For completeness, the measurable local Cauchy step can be seen by
convolution. On each compact interval I € (0,1), choose ¢ € C°(0,1 —supI) with [ =1,
and put

= [+ = f@)}ow) dy

The bound f(t) = O(t) gives local integrability, so translation continuity in L{ . makes Fy
continuous. Fubini and the almost-everywhere Cauchy identity give Fy = f almost everywhere.
If two compact intervals overlap, their continuous representatives agree almost everywhere on the
overlap and hence, by continuity, agree everywhere there. They therefore glue to a continuous
representative on (0,1). The identity Fy(z+2) = Fy(x)+ Fy(z) holds first almost everywhere and
then everywhere on each compact subtriangle by continuity. A continuous local additive function
is Ax; the glued representative shows that the same A applies on all overlapping intervals. Thus
f(t) = At almost everywhere. Conversely this function is in the kernel because the conditioned
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sum is constant. Since zero is now an isolated eigenvalue of a Fredholm self-adjoint operator,
(8.12) follows.
For completeness, put
K(s,t)
P
using at ¢t = 0 the continuous value F’(s) — F(s)F’(0). On L*(0, 1],

K(s,t) :=

AP =M 4Kl (K)o = [ Rl 050

The image of the L* unit ball under Ko, is uniformly bounded and equicontinuous in C|0, 1].
Arzela—Ascoli therefore makes Ko, compact as an operator into L°°. Since Mj, is invertible, A is
Fredholm on L*°. If a bounded f lies in its kernel, the integral equation first gives f(¢) = O(t),
so the preceding L? kernel calculation applies and

kerzoo A = span{t}.

The induced map
A: L /span{t} — Ran A, [f] — Af,

is a bounded bijection between Banach spaces, because a Fredholm range is closed. The quotient
norm here is ||[f]|| = infaer ||f — M||oo- The open mapping theorem gives (8.13).
For the weighted assertion write f(t) = tQ(t). Then

"ME)(S) — h(s)Q(s) + /O K (j’t)Q(t) dt. (8.18)
The quotient kernel in (8.18) is even more explicit:
K (z’t) P = FPO)F() (s 10), (8.19)

uniformly in ¢ € [0, 1]. Since F' € C2[0,2], this defines a continuous kernel on the whole compact
square. The corresponding conjugated operator
A(tQ)(s) LK (s,t)
(BQ)(s) i= =1 = h(s)Qs) + [ =22 di

maps the L unit ball in its integral part into a uniformly bounded, equicontinuous subset
of C[0, 1], and that part is compact by Arzela—Ascoli. Thus B is an invertible multiplication
operator plus a compact operator. Its kernel consists of constants, because ) — t(Q is an
isometry from L onto X; and t@Q € ker A exactly when @ is constant. The induced map from
L> /R, equipped with the quotient norm infyep ||Q — A||oo, to the closed range of B is a bounded
bijection, and the open mapping theorem gives (8.14). O

8.4 Finite bands, the low row, and arithmetic transfer

Put

— 5 0 - .
logy logy
Choose fixed 0 < § < 1 and a fixed regular relative partition

1 log W/
tpi= 2P = D8

[to,(S]:Io, ((5,1]=Il|_|~--|_|fs.
Thus, after merging a possible terminal fragment with its neighbor,

Cmesh? inf I; < |I;| < n inf I; (j=1) (8.20)
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for fixed cpesh > 0 and n > 0. In the exponent convention used in the tangent section, the low
endpoint is d, = 09, and
0(0 +n) =5+ 0.

We write
Pi={p:W<p<uy, t, €I},
Qj(m) = Z vp(m)7

pEPj
1 1 t
Hj::Zf, aj::FZ—p.
pEP; p J peP; p

Let D = diag(Hoy, ..., Hs).
The active point constructed in Section 8.2 is supported on a fixed finite disjoint union
S, of positive-length physical intervals with exact finite head patterns; any initial overlap is
disjointified before normalization. Denote its weights by 20, and normalize
50
Gn = Z 20 = ¢**(d) < N, Up(m) := 2
meSy In

Every 20 is Oy (1/L), and on a fixed positive-density zero-pattern subpool it is bounded below
by ew /L. By Lemma 6.5, only the promoted smooth anchors and bank endpoints can meet
these active smooth cells, so the relevant numerical guards number O(yL). By Corollary 7.6,
deleting them changes every normalized marked row by

o)
O<y2L : ) = o(ap).

n

This uses the actual guard geometry, rather than an assertion about an arbitrary o(n) set.
For a compact vector of parameters, reweight only the active mass by

20, exp{ L (51, (m) + CR(m) + 5,k He (m) ) }

S exp{L-l (Z 10+ CR(O) + Y m,,st)) }

LeSy

2m(§) = an : (8.21)

where R(m) = log(m/n). To define the head scores, choose one reference pattern e, € &, put
He(m) = 1Ce,—,nuce,+,n (m)7 ‘Hs (m) = He(m) - EVnHe (e # e*)7

and enumerate these |&| — 1 centered indicators as HY, ..., HS. Changing the centering adds
only a constant to the exponential score and hence does not change the tilted measure. The
denominator keeps the active mass exactly ¢,. For any two statistics F, G,

9 8
g 2 “m(OF(m) = 2 Cov,, o (F.G).

Here and below a compact effective-tilt box means that, after use of the exact logarithmic identity,
every coefficient of v,(m) for p > W, and every remaining head or physical coefficient, has
absolute value at most a fixed B. This is the hypothesis of (7.13). It does not impose a bounded
value on an unidentified redundant parameter. In particular the whole low-band contribution to
the exponent is bounded by

B B
_ E < Lfl
Lp>va(m) — logW +OB( )7
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so the fact that Hy ~ log L creates no divergent count tilt.
We first state the quotient inverse, including the moving low row.
For a partition P, define the step injection and harmonic averaging operators on R*! by

1 dt
(Jph)(t) =b; (L€ ), (Erpi=—c5 | 105
H;7 I
(to) (t0) ' dt
Byyp = EpAY Jp, AT f(s) == h(s)f(s) + ) K(s, ) f(t) 7
0
Here H](-C) = ij dt/t, D. = diag(H](-C)), and agc) = Ep(t);. Thus
c o O0—1
Hé ) = log(d/to), 04(()) = 7@0‘
Hy
The continuum projection and gauge are
(eNT p
Pocb=b—ald (0 ®)” Deb Ge:={b: (Db =0} (8.22)

(a(c))TDca(C) ’
The arithmetic projection and gauge, which are different finite-n objects, are

aT' Db
ol Da’

Punb=b—a Gn = {b:a”Db=0}.
From this point on G without a subscript means G,,; the continuum gauge is always written G..
Because the two displayed denominators are bounded below, both projections are uniformly
bounded in £>°. We prove below, for each fixed permitted mesh, that || Py,n — Pa.clloo—sc0 = 0n(1).
Let Z = (R,HY,...,H?), with one head indicator deleted so that the constant score is
absent, and put
L¢p = Covy, (2, Z).

When n is understood we write I'¢ = I'¢ ,; in particular I'g ,, := Cov,,, (Z, Z) is the actual finite-n
baseline covariance, not a putative limiting covariance. Define the genuine head/physical Schur
band matrix

cZ = qn {Cov§(Q, Q) — Cove(, Z)Ig ! Cove(Z, Q)} . (8.23)

There is no “row Schur complement”: normalization in (8.21) has already removed the constant
row, whose covariance would be zero.

We shall use the following finite-dimensional perturbation fact twice, once for the arithmetic
transfer and once for the nuisance Schur block.

Lemma 8.3 (Stable projected Schur perturbation). Let D be positive diagonal, let P be the
D-orthogonal projection onto a gauge space G, and let B be symmetric. Assume

—1
b'Bb > kb"Db (b€ G), H (PD7'BP|g) H <C.

o0—00

If a symmetric perturbation E satisfies
bTEb| < eb? Db (b€ G), |PD'EP|| 0000 < €, (8.24)

then, whenever ¢ < min(x/2, (2C)~1), B — E has quadratic gap at least k/2 on G, and

<2C.

00—00

H(PD—l(B - E)P|g)_1
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Proof. The quadratic assertion follows by subtracting the first bound in (8.24). On G, factor
the projected operator as

PD™Y(B - E)P = PD™'BP{I - (PD™'BP|g)"'PD'EP}.

The second factor differs from the identity by an operator of £*°-norm at most Ce < 1/2, so its
Neumann series has norm at most two. This proves the inverse assertion. ]

Uniformity convention for the next two lemmas. The continuum constants used below depend
only on U = 9/2, the regularity constant cpesh, and a fixed upper bound for w := 6 + n; in
particular they are chosen before W, a tilt box, or a particular mesh is instantiated. The
constants multiplying the nonvanishing arithmetic errors W~! are those already obtained in
the marked estimates and are independent of every later tilt-box radius and mesh. We first
choose W large enough to absorb those terms and then choose w below the continuum smallness
threshold, as required by the global order in (6.2). After a radius B and one permitted finite
mesh P have been fixed, the notation

Tn;B,W,P = On;B,w,P(1)

means convergence uniformly for ¢ in that B-box and uniformly over the unit ball of the
vector norm occurring in the estimate. For a quadratic-form estimate the unit ball means
b Db < 1. Its threshold may depend on (B, W, 6,1, P); no uniform threshold over unbounded
boxes or meshes varying with n is used. Finally, the continuum comparison object is itself By, p
with the same tg = (logW)/(logy) as the arithmetic operator at that n. Thus the argument
compares two moving finite-dimensional objects at each n, rather than claiming convergence to
a single fixed band matrix.

Lemma 8.4 (Moving-low-cell arithmetic quotient). There are structural thresholds Wy < oo and
wo > 0. Choose W > Wy and then fized 6,m > 0 with w := d+n < wg. There are constants kK > 0
and Cy < 00, independent of the permitted regular mesh and of the radius B of a subsequently
fixed compact effective-tilt box, with the following quantifiers: for every fired B and every fixed
permitted mesh P, there is ng = no(B, W, d,n,P) such that the conclusions below hold for all
n > ng and every & in the B-box. No common threshold over arbitrarily fine meshes or over
unbounded bozxes is asserted. Then I'¢ is positive definite and

bCZb > kgn inf > Hjlbj — Aoy, (8.25)
J

<w 1. (8.26)

000 — 40

z —1
PoaD %P |
a,n qn a,n [T Db=0

The constants k, Cy are uniform as to | 0 and over all reqular meshes satisfying (8.20); only
the threshold ng may depend on the particular fived mesh and box.

Proof. Step 1: the continuum inverse and form gap, uniformly in the moving low cell. This
step contains no primes and no tilt parameter. In particular its constants are independent of
W, B, n, and of the locations of the positive-cell endpoints subject to (8.20). Write f = Jpb.
Since h(s) =14 O(s) and |K(s,t)| < Cst, direct harmonic averaging on Iy = [to, ] gives

(Bigpb)o = {1+ 0(8)}bo + O(af?) [[bllocs (8.27)
indeed . J . Ut
S c
g [T = [ Al < bl
HO Ipn S to 3
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The C?-regularity of F also gives
| (s)| < C, |0s K (s,t)| < Ct.

Hence, on a positive relative cell I;, the oscillation of A®)f is at most C7||b||oo. These are
ordinary supremum-norm estimates and their constants do not involve the growing harmonic

mass H, (()C).

Suppose the projected inverse were not uniform. There would be ¢y, | 0, permitted partitions,
and gauge-fixed vectors b, such that

[bulloo =1, [[PacBro, P, bylloc = o(1).
By (8.22), for bounded scalars 3, = O(1),
Bio., by = Bl + 0o (1). (8.28)
More explicitly, applying I — P, . gives

(a(C) )T‘DCBtO,V Py bV
(a(c) )TDCQ(C)

/Bl/ = +0(1)

The denominator is bounded below by the cells meeting [1/2,1], while 3=, H J(c)ajc) =1—1tp and
the compressed operators are uniformly bounded. Hence 3, = O(1). Formula (8.27) now gives
b0 = O(8) + o(1). (8.29)
On each positive cell, the oscillation estimate turns (8.28) into
A0 Jp b, (s) = Bus + O(8 + 1) + o(1).

On the low cell both sides are O(J) + o(1), by (8.29) and (8.11), so the same estimate holds
there. Extend the low value to (0,to,) by b, ot/tg,. For s > ty,, the newly inserted integral
term is bounded by

to,y t dt
/ | K (5,2)| |buol—— < [buolstor = O(to)-
0 tO,l/ t

For 0 < s < tp,, the diagonal term is O(|b,o|) = O(d) + o(1), while the integral term is O(s);
this is already within the error allowed below. Thus, for the resulting bounded function f,,

Af, =Bt +0B +n)+0(1) in L. (8.30)

Pairing with the kernel vector ¢ shows 3, = O(6 + 1) 4+ o(1). Then (8.13) puts f, within
O(6 + 1) + o(1) of \t. Finally, (o/)T Db, = 0 is precisely ftt tJpb, dt/t = 0; the linear
extension changes this pairing by O(tp). Hence A\, = O(d + 1) + o(1), contradicting ||b,||cc = 1
once d + 7 is below a fixed threshold. For the quadratic estimate normalize ||b||p, = 1 and use
the same linear extension on (0,tg). Its extra squared norm is

/to
0

and its change in the t-pairing is at most |bg|tg/2 = o(1). If the compressed quadratic gap failed,
the quadratic forms, and not only the norms, compare as follows. With f = Jpb on [tg, 1],
harmonic averaging gives the exact identity

2dt _ |bo]? o1

)t
0, >~
t 2 " opl

to

= o(1),

VD Bupb= [ A ) (5) 2.

to S

(8.31)
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If e(s) = bos/to on (0,%p), then |K(s,t)| < st, Cauchy-Schwarz, and the preceding norm bound
give

Oto h(s)e(s)? % < |bol? = o(1),
to 1 ds d
| [ K es) s S5 < oltoll i = o(1),
0 to s t
/to/to K(s,0)e(s)e®) L] < pol222 = o(1). (8.32)
0 Jo s t
Consequently o
(f,Af)y — b D By, pb = 0(1) (8.33)

under unit D.-normalization. If the compressed quadratic gap failed, the extended functions
would therefore have L2(dt/t)-norm 1+ o(1), asymptotically zero pairing with ¢, and (f, Af) =
o(1). The Poisson-Dickman Poincaré inequality (8.12) would put them o(1)-close to span{t},
while the gauge would force the scalar to be o(1), a contradiction. This proves the continuum
quadratic gap uniformly as the low endpoint moves to zero. We have therefore proved, with
structural constants C. < oo and k. > 0,

—1
H (POC,CBto,PPa,c |gc) H < 007 (834)

o0—00

V' DBy, pb > kb Db (b€ Ge).

Both constants are uniform for all sufficiently small ¢g > 0, hence uniform as tg | 0, and
for every permitted regular mesh once w < wgy. This is precisely the range used because
to = (logW)/(logy) — 0. These are the continuum results; no arithmetic object has yet been
used.

Step 2: arithmetic cell data and normalized operator convergence. We now give the discrete
transfer rather than hiding it in a convergence phrase. Put I, = 1,,,, and Q?f =2 pep, Ip- For a
prime coefficient vector a = (ay), define the squarefree and full normalized prime operators and
band averaging by

(Aﬁiga)p = pCOVl,M (Ip,Zanq> ,
q

1 a
(Apca)p = pCov,,n@ (vp, Zaqvq) , (Epa); := VoA Z £,
q 3
Thus
D! Cove (0F, ) = E A T,

where (J,b), = bj(p)- The squarefree marked formulas give a diagonal multiplier plus a compact
kernel and an error Ep,:

h(t
Var(1p),) = (pp) + Epp,
K(t,,t
Cor(lym Lym) = 22 1 By (), (8.35)
Cy
sup 37 plBpl < 5 + e (n). (8.36)

W<p<y W<q<y

Here Cg is absolute and eséw(n) — 0 for each fixed compact tilt box. The 1/W term contains the
squarefree diagonal correction —h(t,)?/p?; equivalently one may include it in the exact diagonal
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multiplier. The leading functions are the same h, K throughout a compact effective-tilt box:
Lemma 7.2 puts the entire tilt dependence in E,,. Thus the continuum kernel is independent of
the limiting fugacity. The definition of the box above and 37,y v,/L < 1/logW + O(1/L) are
exactly what make the constants in this assertion uniform.

The passage from the prime row norm to the band norm is the exact calculation

1
A Z ZpqubJ(‘J) =

v peP; q

. Z ZPIquI 1bi(q (8.37)

peP q

Thus the large value Hy < log L cancels rather than multiplying the error. Mertens’ theorem
gives, uniformly cell by cell,

5+0(1).

H() = logL + Omg(l), ag = Ho

We record precisely which discrete cell data converge to their continuum counterparts. On
every positive cell, quantitative Mertens summation gives

H; —H =0,(1),  Hja;—H" =0,(1) (j>1). (8.38)
On the moving low cell the first absolute convergence need not hold and is not used: the fixed
lower cutoff can leave a bounded Mertens constant. The correct statements are
Hy

Hy”

Hy = H +0w(1), =1+4o0n(1), Hoop=6—tg+on(1) = Ha + 0,(1). (8.39)

Indeed the last relation is partial summation applied to (logy)~! > w<p<ys logp)/p. It follows,
for the fixed finite mesh, that

max |a; — ag )| on(1), max | on(1),
J J oz;-c)
o' Da — ()T D.al®) = 0,(1), | Pan = Paclloosoo = 0n(1). (8.40)

For the relative assertion, use (8.39) on the low cell; on every positive cell, a( ) > d, so the
absolute convergence is already relative. This is exactly the additional 1nformat1on needed in
the sharp norm. Put

Sy = diag(ayg, . .., as), Se = diag(aéc), a9,
Then
158t = Ilooso0 = 0n (1), 197 PonSn — S PayeSelloo—soo = 0n(1). (8.41)

Indeed, if wy ; = Hjo3 and wej = Hj(»c)( gc))Z then

T 1 T
. S;'PyeS. =1 11Twc'

S Py Sy =1-1 1Tw”
The positive-cell coordinates of w,, —w. tend to zero by (8.38) and the relative center convergence.
On the low cell, both coordinates are (6 — to)z/HO(C) +0(1) = o(1). Their total masses converge to
the same positive limit by (8.40), proving the second operator convergence. Thus the continuum
and arithmetic gauges are compared only through quantities which genuinely converge; no
assertion ||D — D.|| — 0 is made at the moving low cell.
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For clarity, here is the double prime-band quadrature as a normalized operator calculation.

Put i
t
(T Jpb)(s) := | K(S t)(Jpb)(t)
0
Let e, be the step vector supported on one cell. Quantitative Mertens summation and partial

summation give, for every positive cell,

K(s,t dt
sup Z Kls.tg) _ K(s,t) —| = o,(1).
0<s<1 |, 7, q I t

For the moving low cell, split first at a fixed 7 > 0. The same estimate applies on |7, 0], whereas
|K(s,t)| < st makes both the prime sum and the integral over [tg, 7] at most CsT. Letting
first n — oo and then 7 | 0 proves the same conclusion for Iy, uniformly in s. Since the fixed
positive-cell mesh has finite dimension, summing over the vectors e gives input operator-norm
convergence for ||b]|s < 1.

The output averaging is a second application of the same argument. Define the actual doubly
averaged kernel band operator by

(BYb)i: Z > Kt ta), bj(g)-
Hi jZ Pwee, 4

Equicontinuity in the first variable and Mertens summation now give

sup | Bib— BpTpb| = o04(1), (8.42)
[1blloo <1 o0
for each fixed permitted mesh. On the low output row the unnormalized kernel numerator
is O(9), while Hy =< H(()C) = log L; hence the fixed-cutoff Mertens constant is absorbed after
normalization. The diagonal multiplier is handled at the same time:

1
H;

_On()

v pep; p

This includes Iy, since h(t) = 1 + O(t) there. Thus both prime indices and the diagonal, rather
than only the input prime index, converge to the compressed continuum operator. The operator
constants are mesh-uniform, but the convergence threshold may depend on the one fixed mesh.
Equation (8.37) handles the remaining error E.

Fix one permitted positive-cell mesh; only its low endpoint now moves with n. Define the
leading arithmetic band operator, before any marked, Bernoulli, prime-power, guard, or nuisance
error is added, by

1 1 tp,
A Z = ¢ h(tp)bi + Z q bj(q)
v pep; W<q<y
q#p

(Bb); =

The omitted p = ¢ kernel diagonal has operator norm on(l):

K(tp,tp)
max - Z | p’ = o,(1).
pePz

Indeed K (t,t) = O(t?); on Iy the numerator is Ow ((logy)~2), and on a positive cell every prime
tends to infinity. Consequently the preceding double quadrature, the multiplier comparison, and
(8.40) imply
HPa,nBr(LO)Pa,n - POc,CBto,'PPOé,C
o0— 00

= onwp(L). (8.43)
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All operators in this display act on the common coordinate space; the two ranges are still
different and are identified next.
Put
@, :=P,p

Ge - Ge — Gp, En = HPa,n - Pa,c”oo%oo-
For z € G, ||®Prnx — Z|loc < enl|7|lco. Hence, if €, < 1, &, is injective; both gauge spaces have
codimension one, so it is onto, and

1Pnll <1 ten, 1951 < (1—en)™h (8.44)

If y = &2 € G, the same calculation gives the ambient-space estimate

_ 19
1977y = Ylloo = l|z = Panzlloo < 7" [[¥lloo:
I,

Pulling the left side of (8.43) back by ®,, therefore gives the following comparison. Indeed, if
T, = PunBY Py, and T, = Py By pPac, then for z € G,

Tp®,z — &, Tox = (T), — To)®pz + To(®y, — N+ (I — Py )T,

The last two terms are O(ey,)||x| o, because Tex € G, and the leading operators are uniformly
bounded. Together with (8.44), this gives

= o, (1). (8.45)

oc0—r00

|7 (Pan B Pan |, ) ®n = PaeBro.pPae

‘Qn Ge

The bounds in (8.34) and a Neumann series now establish the leading arithmetic inverse, with
norm at most 2C,, for all sufficiently large n. Only after this inverse has been obtained do we
use (8.36), (8.37), and (8.47): choose W) so that their box-independent O(1/W') operator norm,
after multiplication by the uniformly bounded projections and gauge maps, is at most (8C.)~!,
and then, for the fixed box and mesh, increase ng until their vanishing remainders have the same
bound. A second Neumann series gives the projected inverse for the actual un-Schur covariance.
This order removes any possibility of using an inverse to justify its own leading approximation.

Step 3: quadratic-form convergence on the moving unit sphere. Let b¥' Db = 1. Then
—-1/2
bol < Hy 2, 3 Hlb P < 1.
Jj=1

The norm comparison is now literal. On positive cells the dimension is fixed, H; >
and H; — HJ(C) = 0p(1). On the low cell,

L,

s7,Cmesh

|Ho — H | |bo| <w Hy* = on(1).

Thus
1Pl 2 (10, 11,d1/0) = 1 + 0n (D).

The extension on (0,ty) has squared norm |by|?/2 = 0,(1), so the full reconstructed norm is
1+ 0,(1). The same decomposition, with one factor ¢, shows that an arithmetic gauge vector
has continuum ¢-pairing o, (1).

We next compare the leading forms, splitting both prime indices into Iy and the positive
cells. The positive—positive block converges uniformly on the present unit sphere by the fixed
finite-dimensional two-index quadrature. For a block with one low index, |K(s,t)| < Cst,
Cauchy—Schwarz on the positive cells, and 3_ cp, t,/p = O(0) give

t t _
| #0,4+ ()] < [bo] (Z ;) STl S < Y2 = 0, (1).

pEPy 7>1 q€P;
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Here the last sum is uniformly bounded by Cauchy—Schwarz:

1/2 1/2
ZHja]”bﬂ < (Z Hj|bj|2) (Z Hjoz?) < 1.

g2l j=1 j=1

The identical bound holds for the continuum low—positive block. The two low—low blocks are

each
2 2
[bol® (Z t]f) +O<\bo\2 (/1 dt) ) = O(Hy ') = on(1).

PEPo

For the multiplier part, write h = 1+ (h—1). The constant term leaves only (Hy— Héc))b(% =o(1)
on the low row, and the remainder is handled by weighted Mertens summation because (h(t)—1)/t
extends continuously to ¢ = 0. The positive multiplier rows converge by ordinary cellwise
quadrature. Finally, the removed discrete p = ¢ kernel diagonal is 0,,(1) on the unit sphere
by the estimate preceding (8.43). Combining these four estimates with (8.31)— (8.33) proves,
uniformly for b7 Db = 1,

bTD§7(10)b - <f7 A.]F>H - On(1)7 (846)

where f is the linear low extension of Jpb. This explicitly proves both the norm and quadratic-
form convergence needed for the Poincaré gap; no equivalence constant depending on Hy has
been used. Indeed, if in addition b € G,,, then the norm and gauge comparisons above give

IF15 =1+ 0a(1),  (fit)n = on(1).

Since ||t]|3, = 1/2, the exact Hilbert-space projection formula yields

[(F, 6l

=14 o0,(1).
1%, !

i 1~ Ml = 1717 -
Thus (8.12) and (8.46) give, for all sufficiently large n,
s'DBOp > % b'Db (b€ Gn).

To transfer every remaining arithmetic error literally, let R = (R;;) be any symmetric band
covariance error satisfying

1
sup — Z ’Rz]| <e.
J
The normalized operator D™ R is self-adjoint for the D-inner product, and
1
67 RY < 5 3 Rl (b2 + I )

:Z’bi|2Z|Rij|
i J
< eb''Db.

Thus its D-Hilbert operator norm is at most €. Applying this estimate to the squarefree,
prime-power, and quadrature errors transfers the continuum quadratic gap to the prime-band
covariance form.

Replacing 1,,,, by vp(m) adds

plm

sup Zp[EpOW II/)I;W +epw(n) (8.47)
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by (7.56). The constants Cst, Cpow are known before the compact ODE box is chosen. This is
the estimate invoked only after the leading inverse in (8.45) was established. The already chosen
W > Wy makes its 1/W contribution smaller than the reserved continuum inverse and form
gaps; after a fixed box is specified, only the threshold for n is increased to absorb the vanishing
remainder.

Step 4: the finite nuisance block and its Schur perturbation. It remains to justify the joint
Schur complement in (8.23). Every head pattern retains a fixed mass in each of two separated
positive-length physical subpools. If a centered linear combination aR + ), b, H; vanished,
varying R inside either physical subpool forces a = 0, and the affinely independent simplex head
patterns then force every b, = 0. The fixed mass and separation margins make this quantitative:

Te > ywl (8.48)

throughout every subsequently fixed compact tilt box, with ~y chosen before the radius of
that box. We prove this uniformity directly; no convergence of the baseline mixture weights
is required. By Lemma 8.1, there is a number Ay > 0 such that A. ,(n) > Ay for every head
pattern e, both signs o, and all sufficiently large n. Moreover

inf Iy (n)  supl_(n)
n n

:a+—b_>0,

so the corresponding ranges of R = log(m/n) have a fixed positive separation.

We first prove a finite-n, uniform baseline bound. For F' = aR + )", b, H,, compare, within
each fixed head pattern, its conditional means on the two physical cells. The head term is
identical on those cells, whereas their R-means are separated by at least loga —logb_ > 0.
The elementary two-point variance bound and the lower bound Ay therefore give

Var,, (F) > cpwa®.

On the other hand the finitely many head-pattern vectors are affinely independent after the
constant indicator has been deleted. Their masses are all at least 2\, so, uniformly in n,

Var,, (Z bVH,3> > caw Y b

Since R is uniformly bounded,
Var,, <Z byHlf) < 2Var,, (F) + 2a* Var,, (R),
12
and the preceding a?-bound absorbs the last term, giving

Var,, (Z b,,Hs) < Cw Vary,, (F).

The head-pattern lower bound now yields Var,, (F) > (cgw/Cw) Y, b2. Combining this with
the a?-bound, one may choose vy > 0, independently of n and of every later tilt box, such that

FO,n > 2"wa (n > no(W))

It remains only to compare each tilted covariance with its own finite-n baseline. If S¢ =
> 1582 is the medium-prime part of the score, then |Se| < BQ, elSel/L <pw 1, and the
one-mark estimates give E,, ) <y log L. Consequently

logL

sup E., ‘eSE/L — 1’ <BW o(1).
¢ in the fixed B-box L
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The physical and finite-head factors are 1 + O B,W(L_l), and normalization changes the same
estimate by only a constant factor. Thus

sup [Vn,e = vnllTv = on;g,w (1).
¢ in the fixed B-box

Every coordinate of Z is uniformly bounded and its dimension depends only on W. If dyy = dim Z
and maxy, || Z,|lcc < My, then for every Euclidean unit vector a,

’Varynﬁs(aTZ) — Var,, (aTZ)‘ < 6dWM5VHyn7§ — vp|lTV-
Taking the supremum over a gives

sup ITen = Tonllop = 0n:5,w(1).
¢ in the fixed B-box
For each fixed B, increasing only no(B, W) now proves (8.48). Its constant vy was chosen from
the uniform finite-n geometry before B, so no unproved limiting mixture and no box-dependent
main constant is involved. The constant score is absent: normalization has removed it, and one
centered head indicator was deleted before I'c was formed. The head cross rows are Opw (1/L)
throughout the fixed box, and the physical cross row is given by the Stieltjes estimate (7.61).
Write
Ug = COV&(Q, Z), Cg = COV&(Q, Q)

The actual block elimination is
q,leSZ = CE - UgFgIUST.
The marked head/physical bounds give, for [|b]|e < 1,

log L
T

1
(UEb)] <D 1Ue)jul 1] <Bw 7 Y Hj<pw
j i

Together with HF§_1||0p < 'yv_Vl this gives, row by row,
log L
L2’

because |(Ug)iv| <p,w Hi/L and 3_; H; < log L. This is the promised normalized row estimate,
with an explicit rate.

| DU gy < (8.49)

Step 5: the exact physical direction and the full quotient form. The physical column is never-
theless responsible for the exact null relation, and we record it rather than discarding it as a
small error. Let

Ty = Z tp'Up7 Sq = Zanj7 Sg = Z <aj(p) B tp)’l)p.
J

W<p<y W<p<y

For a statistic X, put X%¢ := X — E,, .X. This notation is distinct from the already defined
baseline-centered head scores H; changing their centering subtracts only a constant and therefore
leaves the centered covariance span unchanged. Every member of every active structured cell is
y-smooth, so its logarithm is the sum of the p < y valuation terms. Moreover, for each p < W,
the function v, is constant on every exact head-pattern cell and hence is a linear combination of
the retained head indicators and the deleted constant indicator. After centering, the constant
disappears and the whole p < W term lies in the centered head span. Therefore, identically at
finite n,

Ro* =%y (logp)ug®

Toyg —
4 logy

espan Z°%,  SE =Tot 4+ 50%. (8.50)
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Let P,. denote orthogonal projection in LQ(Vn,g) onto the orthogonal complement of the centered
coordinates of Z. Thus P, kills T, ;75 exactly. More generally, for b = g + Aa, with ¢ € G,,, and
for every u € R,

0,€
PzJ_{(b . Q)o’g} = sz_ ( Z (bj(p) — ,utp)vp> . (8.51)
W<p<y

This is the precise finite-n post-Schur relation used below. We next record its arithmetic geometry.
Define

Qi) — tp)? — ptp|?
V, = Z M7 n = 1nf Z M, Aa,n = o’ Da.
W<p<y p W<p<y p

Since 3 cp (@ —tp)/p = 0 in every band, and since ¢" Do = 0, the following identities are
exact. For all sufficiently large n, every permitted band has positive harmonic mass and a;; > 0;
hence A, > 0, while V;, > 0. In particular the denominator in the third line below is nonzero:

2 _ _ 2 2
(g + M) —;g&{!!ﬁ(k wal|p + p Vn}
_ 2 : N2 2
= llallpy + inf {(A = 1)* Aan + Ve }

Ao Vs
o 2 2 anVn
= [lallp + A T > gl (8.52)

We also record here the size of V,,, independently of the later regression argument. Weighted
Mertens summation and (8.40) give

vn_z/ 1= alP %t (54 0.

On Iy = [to, 0], the displayed integral is exactly

8 —t§ (6 —t)?
2 log(6/to)

v52

On a positive cell I = [a,a + /], it is < £3/a; summing the regular relative mesh gives < n?.
Consequently, uniformly over permitted meshes,

Vi <64+ n? =< (6 +n)%

We now transfer this exact distance to the covariance form; this step is needed because an
arithmetic center is not a continuum center. If 9,,(b) > 0, let p, be its unique minimizer and put

Cp = bj(p) - ,u*tp. (853)
Differentiation of the finite sum gives the exact normal equation
t
D=} (8.54)
wep<y P

Normalize for the moment so that 9,,(b) = 1. Equation (8.52), together with A,, =< 1 and
Vi, < (0 +n)?, gives
lallp <1, A+ [p] <5 1

In particular |gg| < HJUQ, o L5 Hgl, and tg — 0.
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Define the piecewise affine continuum coefficient
fa(t) :=bj — pst (tely),

and extend it on (0,%y) by f,(to)t/to; denote the resulting function by f,. The cellwise Mertens
argument in (8.38)— (8.39) gives

Ifallfe =1+ 0u(1),  (fasthr = 0n(1). (8.55)

Here the second relation is (8.54) after quadrature. For clarity about the moving low cell, the only

term that can retain the fixed-cutoff Mertens constant is |bo|?(Hoy — Héc)) = Ow (|bo]?) = on(1);
every term carrying a factor ¢ converges by weighted Mertens summation. Also |f,,(t9)] = on(1),
so the linear extension has o, (1) squared norm and o,(1) t-pairing. Thus no convergence D — D,
has been assumed.

For prime coefficients ¢ = (¢p), write the leading discrete form as

h(t,)c?

ng)(c):: }: S oy S 2( .

W<p<ly p W<;Dé7“§y p
pPFET

K(tp, t,)cper

The continuum double integral contains its diagonal as a measure-zero set, whereas the finite
prime double sum in the quadrature temporarily contains p = r. The difference is

Adiag(c) = Z

W<p<y p

K(L;p)c% =on(1)  (2a(b) =1).

To verify this uniformly, on the positive cells p > 3%, so

Z 752 p:

tp>4 tp>6

‘K(tpyt

On Iy, ¢p = by — pstp, where |by| = O(Ho_l/g) and p1, = Os(1). Since

2 4
p> % —Owlllogy) ™), Y fj; — Ow((log )™,
W

p>W

and K (t,t) = O(t?), the low-cell contribution is o(1) as well. The two-index quadrature proved in
(8.42)— (8.46) applies also to f, = Jpb — u.t: the step part is covered by the displayed operator
comparison, while the t-part follows from the same Stieltjes summation, and its coefficient is
bounded under the present normalization. Together with (8.55), it gives

20 (c) = (fn, Afa)r + 0n(1).

All 0, (1) terms in these comparisons are uniform on the normalized class 9,,(b) = 1: ¢ is bounded
in D-norm, A, p1x = Os, (1), the positive-cell dimension is fixed, and the low coordinate tends to
zero. In particular, the resulting threshold for n does not depend on b. The Poincaré inequality
(8.12) now applies: the two relations in (8.55) say that the squared distance of fn from span{t}
is 1 + 0, (1). Hence, by homogeneity, there is a mesh-uniform x; > 0 such that, for every b and
all sufficiently large n,

20)(¢) > k10,(b)? (8.56)

n

when ¢ is defined by (8.53). If 9,,(b) = 0, then (8.52) gives b = 0, so the assertion is trivial.
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It remains to verify that every arithmetic error is relative to this same minimizing distance. If
By = Eyp is any prime covariance error with sup,, 3°,. p|Ep,| < €, symmetry and 2[c,c,| < 012) +c2
give the exact estimate

2
c

Z Eprcper| <e Z 2= sbn(b)Q. (8.57)
p.r p P

The proof of Corollary 7.6, before band averaging, gives the corresponding prime-level guard

estimate
4 y2LA+3
sup Y p|EEMY| <pw = o,(1)
W<p=y W<rly n

for the fixed exponent A in that corollary. Explicitly, a deleted integer satisfies the two score
envelopes (7.68). Taking the signs of the covariance differences as the coefficient vector b in
(7.69), the exact conditional covariance identity (7.67) gives Op w (y?LA*2/n), which is stronger
than the displayed bound. Hence (8.57) applies to guarded deletions as well as to the analytic
covariance remainders. Therefore the squarefree and prime-power remainders in (8.36) and
(8.47), including the guarded-deletion remainder from Corollary 7.6, contribute at most

{Csf + Cpow

W + On;B,W,'P(l)} on(b)z

The main constants here are independent of the subsequently fixed tilt box. Equivalently, if
&,(c) denotes the sum of these actual covariance errors, then

Vare (Z ) = 20O+ 80, 18,0 < {4 o p(1) b o)
p

Finally, the one-mark head estimates and (7.61) give

||COV§ (Z, Z cpvp>
P

Together with (8.48), the nuisance Schur subtraction is consequently

Vdiog L

1 ’Cp|
— — 0,(b).
<Bw Ep ) <pw —p n(b)

log L
OB,W( OLgQ ) 0, (D)%

Indeed, the definition (8.23) and the exact score identity (8.51) give

Py { (ij c,,v,,> O’S}

First choose W so that the box-independent 1/W terms are smaller than half the Poincaré gap,
and then take n sufficiently large for the fixed box and mesh. Equations (8.56) and (8.52) then
yield

2
qlanCEZb = [Pt Q)Of}Hz -

2

L4762 > k0, ()2 > slal3.

qn
Every band vector has a unique decomposition b = g + Aa, q € Gy, and ||¢q||% = infy [|b — Aa||%.
Thus the last display is exactly (8.25); no gap on G,, has been used as a substitute for the full
quotient inequality.

The inverse assertion is a separate projected statement. The gauge isomorphism (8.44), the
pulled comparison (8.45), and the two successive Neumann steps following that display give
the projected ¢*°-inverse for the actual un-Schur band covariance C¢. Its norm is bounded
independently of the later box and mesh; only the threshold for the vanishing arithmetic
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remainder depends on them. Apply Lemma 8.3 with P = P, , and I/ = UgFglUgT . Equation
(8.49) and the symmetric band-row calculation preceding (8.47) give the required operator and
quadratic perturbation bounds Op w (log L/L?) = on.pw(1). The lemma therefore preserves
the projected inverse, proving (8.26). This proves (8.25)— (8.26) with the constant row removed
and the head/physical block jointly, rather than separately, inverted. O

8.5 The weighted compensated score

The quotient estimate alone is not sufficient: the scalar parameter which remains after quotient
fitting is of order 1/(d + n). We now prove the weighted estimate which shows that its effective
prime coefficients remain bounded.

Put

2
g
w:=4§+mn, 9p = Q(p) — tp, Vi=V,= Z 2,
w<psy P
The regular lower bound in (8.20) is used in the next lemma.

For a band vector put
b .
[bll = mmasx 2]
iy

This is a finite norm for every n, but its low weight ag =< §/Hp moves with n. For the continuum
cells we use the distinct notation

[1b]l4,c := max M

¢ i oo

J
Lemma 8.5 (Weighted discrete quotient inverse). Assume that W > Wy and w =6 +n < wy
have been chosen as in Lemma 8.4. Let

B :=D"'C¢/qn, G:={b:a"Db=0}.
Ifue @, |uj| < Cway, and the gauge-fized solution q € G is defined by
PonBE Pang = u, (8.58)

then
lgj] < Cywa; (0<3 < s). (8.59)

Here Cy depends on the displayed right-side constant C' and the continuum operator, but not on
W, the compact tilt radius, or the permitted fine mesh once W > Wy. This is uniform in the
moving cutoff, every permitted reqular mesh, all sufficiently large n, and every fired compact
effective-tilt box, in the precise sense that the constant is independent of the mesh and box radius,
while the threshold for n may depend on (B, W, P).

Proof. Step 1: a sharp continuum inverse. We first prove the continuum assertion, using only
the continuum gauge G., centers o®, and harmonic matrix D.. For a band vector define the

linear reconstruction ;
(Tha)®) == —50 (€T
Q;

Thus
1 T5allx, = llallsc

including on the moving low cell. If a uniform continuum inverse did not exist, there would be a
sequence of moving cutoffs and permitted meshes, numbers ¢, | 0, and ¢, € G., such that

‘ [Pa,tho,'PQl/]j‘
# § Eu.
J

lavllse =1, max
J o
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As in (8.28), there is a bounded scalar 3, such that

(Bto,'qu/)] = Bu + Tvj, |Tu,j’ < 5ua§'0)‘ (860)

Here one may take
(a(c))TDtho,PQV
(a(c))TDca(C)

The denominator is bounded below uniformly by the cells meeting [1/2,1]. Also ||gv|jcc <
lavllge = 1, Zj H j(»c)ag-c) = 1 — tp, and the compressed continuum operators are uniformly
bounded. Hence |5,| < C, with C' independent of the moving cutoff and mesh. For the local
estimates below write ¢ = ¢,, f = /3, and suppress v from the cell data. Put z; = ¢;/ ag»c) and,
on I;, set

Ty = Pa,tho,’PQVa By =

d(t) = (Jp = Ip)a(t) = z;(t = af).

Then ||zl = [|¢|ls,c and, exactly on every cell,

/Ij d(t)%:

For the multiplier part the constant value h(ozg-c)) therefore cancels. On a positive relative cell,

Lipschitz continuity of h, the mesh bounds, and a§c)

/h

On Iy, use h(t) = 1+ O(t) and the two explicit estimates

1 o). dt 1 c c
()/<t—aé))—:0, /|t_ )’ Oc((]).
HOC Io t H(c

They give an O(5a0 )| q||s,c low multiplier error. For the integral part, |K(s,t)| < Cst gives

1 ! dt ds
— K(s,t)d <C’a c / t—a dt.
|@@Lto( o 5 a3 f, 1t

The low summand is O(62). On the regular positive cells the sum is O(n): each summand
is O(n?(inf I)?), and comparison with the corresponding geometric Riemann sum gives O(n).
Hence, uniformly over all permitted meshes,

= inf I; give

< Cna antic

C

[Bp AC) (I — Jp)q|

()
J

max
J o

If G(s) = Alto) Jli q(s)/s, then (8.19), h € C', and the fact that Jpq( )/t = x; is constant on
each cell give
o5ty G < Cblallyer  05cr, G < Collallye (G2 1).

Moreover, since H J(C)oz;-c) = |I;|, for every cell

(BpA®) jho); = a0 / G(s) ds.
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In particular, on the low cell,

o 1 J
(E’pA(tO)J%q)o = oz(() ) G(s)ds.
o — to Jig
Consequently (8.60) implies
Alto) gt
Htﬁq—ﬁ < w+o(l). (8.61)

o0

Extend the low linear formula to (0,tp), and denote the resulting function by f. Since
|K(s,t)/s| < t, the omitted input changes the weighted output by O(#3). For the extended func-
tion, its quotient by ¢ is constant on (0, d]. The formulas for h and K (s,t)/s, with F' € C2[0,2],
therefore give

Af(s)

OSCOSSSS T = 0(5)

At s = 0, the quotient kernel is interpreted by (8.19). Hence (8.61) holds on all of (0, 1] for the
full operator, with the same O(w) + o(1) right side. Put e(t) = Af(t)/t — 8. Self-adjointness

and At = 0 give the exact identity

0=(t,Af)y :§+/01te(t)dt.

Hence |5] < |le]|lcc = O(w) 4 o(1). The X; inverse (8.14) then puts the reconstruction within
O(w) + o(1) of At. Since (a!9)TD.q = 0, this means exactly

4

0= H (o)) 2

J O‘g‘C)

The total weight in this sum is bounded below by a structural positive constant: the cells
contained in [1/2, 1] have centers at least 1/2 and total harmonic mass bounded below. Averaging
qj/a§c) = A+ O(w) + o(1) against these positive weights therefore gives A = O(w) + o(1). Once
the structural threshold wy is sufficiently small, this contradicts ||¢[[s. = 1. Equivalently, with

M, := S, ' P, .S, R.:= Ranll,, Te := .S ' By, pS.I,,

there is a mesh- and tp-uniform constant Cﬁ(o) such that

-1 (0)
|Tra ™| <. (3.62)
Step 2: arithmetic cell data and sharp h, K quadrature. The arithmetic transfer must be relative.
If [[blly < 1, then [bj(q)| < ajq) < tq on positive cells, while on the low cell [bg| < ag. The
pointwise form of (7.14) and (7.10) is, for p # g,

plES| <Bw (8.63)

1
qL’
The diagonal has the same L~! error, in addition to the Bernoulli correction treated below.
Therefore the exact band average (8.37) gives

log L
(EnE*Jb)o] <pw L' <pw ao%v
1
|(E,EStJ,b);] <B,W QST (i>1),
st .
(BB sl
7 (07 ’ oL
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For the low row, the first inequality is the explicit calculation

Z Z ( 20 ’) <Bw %

pEP() q

because >, |bj)|/q < Hoao + 32,51 Hjoj < 1. Thus the numerator is genuinely o(ap), since
ap < 6/log L. The active cells have the numerical guards deleted. By (7.63), that deletion
contributes an operator G,, satisfying, for ||blly < 1,

max M = On;B,VV,P(l)a
) (07
because its band output is o, (), ||b]|e < 1, and «; > g on every positive cell. Thus guard
deletion is part of the vanishing sharp remainder.
We next state the sharp quadrature which replaces an unspecified additive discretization
error. Let EQK be the band operator with no marked error, defined by

~ 1 1 K(ty,tg)
(Bpb)ii= 2 3 —qh(tp)bi+ 3 —Lb
i pep; P W<q<y 9
a#p
Then, for every fixed permitted mesh,
|S2t B S, — 52 = ouwp(1). (8.64)

Here is the low-cell calculation needed for this relative statement. Since F € C?[0,2] and
F(0) =1, the function
K(s,t
#(s,t) := (s:1)
st

has a continuous extension to [0, 1]2. The (i, k)-entry of the conjugated discrete kernel, with the
diagonal temporarily inserted, is

Loyl Z s(ty, tg)- (8.65)

H i pEP; p qE'P;C

To see every normalization, introduce the probability measures

1 tp 1
Pjn = =0, Pjec = ———=11.(t) dt,
3. Hjo; p;j p 7 j.c ngc)a(c) j

and retain wy, j = Hjajg, Wej = H](c)(ag-c))Q. Because Hjo; = 3 cp, tp/p and H( ° = |1,
these are indeed probability measures. Formula (8.65) is exactly

e [[ 5.8 dpin(5)dprntt), (8.66)

and its continuum counterpart is the same expression with n replaced by c.
The moving-low convergence follows from the uniform weighted prime count

)

; = Ow((logy)™"). (8.67)
W<p<y®

sup
to<z<1
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This is }°,< x(logp)/p = log X + O(1), divided by logy. Stieltjes summation and uniform
continuity of s therefore give p;, = pj., uniformly against all sections of s, on every positive
cell and also on Iy = [tg, d]. On the low cell,

wno = (Hoao)oo = on(1),  weo = (6 — o)l = 0,(1),

whereas wy, ; — wer = 0p(1) on every positive cell. Thus (8.66) converges in all four low/positive
orientations: a low input carries the vanishing factor wp ., and a low output is averaged against
a probability measure. In particular neither Hy nor oy s lost. Removing the inserted diagonal
changes the conjugated operator by at most

1 K (tp, tp))|
mf:lX ﬁ Z B

= op;wp(1).
¢ pEP; p

Indeed |K(t,t)] < t2. On a positive cell its primes tend to infinity, while on the low cell
tf, = (logp)?/(logy)? and Zp>w(logp)2/p2 < oo. For the diagonal multiplier on Iy, write
h(t) = 1+ th(t), where h is continuous. The constant part has average exactly one in both the
arithmetic and continuum rows; (8.67) handles the remaining weighted average, together with
Hy/ H((]c) — 1. Ordinary Mertens quadrature applies on every positive cell. The dimension is
fixed after the mesh is chosen, so the entrywise convergence is exactly (8.64). Together with
(8.41), this also verifies the sharp convergence of the arithmetic and continuum gauges; no
convergence of D to D, is used.

Step 3: the remaining sharp arithmetic errors and the nuisance Schur block. The Bernoulli
diagonal correction, kept out of Ef,g in the preceding off-diagonal calculation, satisfies

sf,diag 1 ‘b] (p) | (673
B < A Y < W

2
¢ pEP; p

For the prime-power part we use the product-weighted aggregate bounds, rather than an
unavailable unweighted comparison of H ! 2_pePo p~2 with ap. For |||y < 1, harmonic centering
and the regular mesh give

tq,bj(q)| tq‘bj(q)| 1
< 1, EEAECAL AR .
g q g q2 W

Indeed, on a positive cell a; < t4, while on the low cell

t
|b0| Z A < H()Oé% < 1.
q€Po

The unweighted vanishing remainders in the three aggregate estimates are also harmless at the
moving low cell. More precisely, for the fixed regular mesh,

‘b‘ | 1 1
> % <w ag + o), T Y 5 = Oway(), (5.68)
4 v peEP; p

uniformly in 4. For the first estimate, the low-cell contribution is |bo| > ,~ P2 <w ag,
while every positive cell starts at a power of y and is o(ag); the second estimate is the same
reciprocal calculation after division by the cell’s harmonic mass. Also 3, [bjq)|/q < 1, as in
the squarefree calculation above. Thus the unweighted error coefficient in (7.52) remains o(«;)
in each orientation. Denote by E;] I EZI g EZJ 7 and E? 28 the four prime-power contributions to
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the normalized band output. We write every orientation rather than invoke symmetry. The
box-independent main terms satisfy

|b i lalbjipl o
|EJI|ma1n < T7 Z Z q Z - << T,
pE’P p W q q w
t et yb o
|EIJ|rna1n << 77 Z _d Z 9
pEP q W
main 2
pE’P p W
1bi]
|Edlag|ma1n << Z _ < —
H; PEP; p W

Let eg)w(n) be the single pair remainder in (7.52). The four unweighted remainders, divided by
«;, are bounded respectively by

0
e (n) 1 > b
H;o; p

(0)

6BW Z

@i q
0
eéﬁwm 1y 1bio)]
2 2
0
e§3>w< W s 1
H;o _p2.

Each is on;5,w,p(1) uniformly in 4, by (8.68), 3, [bjq)|/¢ < 1, and the fact that every positive-
cell ; is bounded below by a fixed multiple of §, whereas the low-cell value is «g. We also keep
the literal endpoints separate. For ||bl|y < 1, the endpoint ledger (7.51) gives, orientation by
orientation,

JI,end 2
|E Tend, L #P; y°L
# <<B,W EHlO{i Z |bj(q)’ <<B,I/V,5,n n

q
| E.iIJ7end| L #P; y2 L
S <Bw EHiaz o) <<BWén o

JJend 2 272
|\E \ L* #P;

o <ew li > i) <Bwan ;

q
B,W B,W,0,n :
(a7} n H; o

Indeed #P; <y, >, 1bjq| <y, and |b;] < a;. Moreover, Hia; = 3 cp. tp/p tends to § on the
low cell and to |I;| on each positive cell, while H; is bounded below on every permitted cell.
Hence the four displays imply the common relative bound

|E9ndpoint‘ 2L2

max ———— < ,w,p
[3 O(i

= on;B,w,p(1).
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Thus all box dependence in the four directions is contained in one remainder eﬁB wp(n) — 0 for
each fixed mesh, and each direction separately is relative at the moving low row. Consequently

ow Cgow i
|E7™Y] < oy W +egwp(n) ¢ (8.69)

where C’gow is independent of the compact tilt box and of the subsequently chosen fine mesh.

Finally (8.48), the marked head/physical rows, and the exact removal in (8.50) give, for ||bf|; < 1,
H;

(Ue)iwl <BW Y Hilbj| <Y Hjoy <1, |ITY <w 1.
i i

Consequently

head/phys 1 log L
|E; | <Bw Iz < OB,W( 52

For reference, the relative estimates just proved can be read in the following ledger; the displayed
quantity is always the supremum over ||b]|y < 1:

) = on.aw ().

source max |(Enb)il/ci
leading h, K quadrature onwp (1)
squarefree marked off-diagonal Op,w(logL/(6L))
guard deletion on:B,w.p(1)
squarefree Bernoulli diagonal o(1/wW)
prime powers Cgow /W + eﬂBywﬂj (n)
head/physical Schur block Opw(log L/(6L?))
arithmetic/continuum projection onwp(1).

Thus every vanishing row error is o(«;), including the low row i = 0; no additive o(1) is divided
by aq after the fact. It follows that the sharp discrete operator is a perturbation, in the sharp
norm, whose nonvanishing part is (Cs¢ + Cgow) /W, with every dependence on the later compact
box and fixed mesh in a remainder tending to zero with n. Equivalently, before either gauge

projection is applied,

< Cs + Cgow

co—00 w

|57 BZS, — S BiypS.

+ onsBwp(1). (8.70)

Step 4: identification of the varying sharp gauges and transfer of the inverse. We finish by
identifying the two quotient spaces explicitly. Put

I, := S, ' Po.nSn, Ry := Ranll,,

Tne = 11,8, BZ S,11,, Te := .S, ' By, pScIl,.

Equations (8.41) and (8.70), together with the uniform boundedness of the continuum operator,
give the explicit projected comparison

pow

w

All operators in this display are extended to the full coordinate space by the displayed projections.
Put

Csf + Cﬁ

”ﬁt& — Telloo—soo < + On;B,W,P(l)' (8.71)

en = ||TL, — |l co—oo = 0n(1).

The exact formulas preceding (8.41) show that both projections have kernel span{1} and hence
rank s. For x € R, the restriction

U, =1,|r, : Re — Ry
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satisfies
[Unz — 2|00 = [(Tl — TIe) 2[00 < &n|7||co-

Thus U, is injective when ¢, < 1, and equality of the two ranks makes it onto. Moreover,
1Unll € THen, U < (1 —en)™ (8.72)

If y = U,z € R,, then, under the ambient coordinate identification,

_ £
10y = ylloo = 2 = Tzlloo < 7= [lylloc-
n

For = € R,, the exact expansion inside U, ! is
%,EUnx —UpTexr = (%,5 - 7::)Unx + 7Z(Un - I)(L’ + (I - Hn)’]z(E

The last two terms are each at most &, ||7¢| ||z||oc, up to the harmless factor 1 + ¢, in the first
one. Equations (8.72) and (8.71) therefore give the pulled-back comparison

pow

C'sf‘FC":i
< 2 TPoWw

HUn_l(%,an)Un - Te|r. + on:Bwp(1).

co—00 W

We enlarge the structural threshold W once and for all, before the actual W is selected, so that

the box-independent 1/ term is smaller than (4011(0))_1 for every W > Wy. Only after this
choice are the compact box and mesh fixed and n taken large enough to absorb the remainder.
The Neumann series and (8.62) now give

|(Taelr) ™| <268 +o(1).

Finally put = S, 'q and v = S, 'u. Because ¢,u € G,, the exact projection formula gives
x,v € Ry, and (8.58) becomes T, ¢x = v. The hypothesis gives ||v]|o < Cw, while ||z|/s = ||q]s-
Applying the preceding inverse bound therefore yields ||q||; < Cyw, which is (8.59). This also
makes the order of the choices W, box, mesh, and n explicit. O

Lemma 8.6 (Augmented weighted compensated-score lemma). Uniformly on every fized compact
effective-tilt box, one has

Z losl < w, V o= w? (8.73)
W<p<y p

Let Z and C£Z be as in (8.23). First Schur-project the raw score Sqg =3, gpvp off Z, and then
regress it on the gauge-fixed quotient band space G. Explicitly, put

b7 := Cove(S, Sy) — Cove(, Z)T¢ ' Cove(Z, Sy),

Z
—1675 reg __ 137 reg
Pa,nD Pa,nq = Pa,nD b7, ¢t eq, (8'74)

an

az = I’gl Cove (Z, Sy — Z q;egQ]) ;
J
Cy =54 — Z q; 0 — azZ, Cp = 9p q;?i)' (8.75)
J

Thus the Schur operation, quotient regression, and gauge occur in the displayed order. The number
cp s the valuation coefficient before the explicit finite nuisance regression agZ ; that nuisance
block is kept separate below. In the display below, the vertical bar denotes the Schur-complement
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variance after orthogonal regression on the named nuisance scores; it is not conditioning on a
probability-zero event. Then

2
el < Conpo I
Var,, . (Z cpUp(m ‘Q Z) = w?, (8.77)
‘Covl,m5 (vp(m), Cg(m))‘ <Lw % (W <p<uy). (8.78)
The contribution of prime powers to (8.77) is
Crel(vIC/Cmp) e (mw?, (8.79)

rather than an additive error independent of w. Here Cemp is the continuum regression constant,
fized before W and independent of the compact tilt radius; all finite-head and box dependence is
in thresholds or in the displayed vanishing remainder, which is defined explicitly in (7.59).

Proof. Mertens’ theorem and (8.20) give the first assertion with uniform constants. In the
continuum low cell,

§ 2 2 2
_ P — — 4+ 0o(1 .
/to (t=ag’) t 2 log(d/to) 2 o(1)- (8.80)

For a positive cell I = [a,a + /], direct integration and the two-sided regular-mesh bounds give

. 03 dt 02

a

The merged terminal cell satisfies the same bounds. Summing the geometric mesh and applying
Mertens gives

Slgl/p<do+n, V=& +n°=w

P

We next justify the sharp right-side estimate for the non-step coefficient g, = o) —tp. This
does not follow merely by applying the preceding step-input operator estimate, since on the
moving low cell one can have |gp| > ag. All prime sums in this paragraph range over W < p < y.
Put

=2 =R gy DB G- b

» P p P p P

The cell moment calculations in (8.80)— (8.81), followed by weighted Mertens summation, give

19]loc < w, Bi(g9) < w, Gi(g) < w,
Ga(g) < W™ 'Gi(g) < w/W, (8.82)
1
- 2 Lol <we;  (0<i<s). (8.83)

Hi pEP;

For the two unweighted reciprocal-square quantities needed below one has, for the fixed regular
mesh,

Bs(g) = Ow () + on(a0), (8.84)
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di(g) == — Z |gp! = Op;w,5.m,p(way) uniformly in 4. (8.85)
p€73' p

Here is the low-row calculation, where these assertions are not a consequence of a step bound.
Since |gp| < ap + tp on Py,

d(9)<FZ

>Wp

1 1 log p
ity 2 pp (W)

Indeed, after division by way, the two terms are respectively Oy ((wHp) 1) and O ((wé logy) ).
The same estimate before division by Hy proves the low-cell contribution to (8.84). Every positive
cell starts at y9, so its contribution to either display is exponentially small relative to ag. This
proves (8.84)— (8.85) without losing a factor ag '

We now contract every covariance term against g. The leading squarefree band output is

Y ]

i \pery P pEP; q#p pq

Exact harmonic centering gives Y cp. gp/p = 0. Since h(t) — 1 = O(t), |K(s,t)| < st, and
H 'S ep, tp/p = i, (8.82)— (8.83) give

‘RhK ’ Z p|gp| + a;G1(9) < wa. (8.86)

In particular this includes the low-row estimate that was formerly implicit. The squarefree
marked error (8.63) contracts to

Bi(g) w |R (g) log L
Rs'f,err - T M/ =o(1).
|R; " (9)] <Bw — <sw max — <BW 57 o(1)

The Bernoulli diagonal is bounded by d;(g), hence is o(wa;) by (8.85). Guard deletion is also
relative: apply (7.63) to g/]|g]lcc and use ||g||cc < w. Its output is therefore o(wap) = o(way;)
On every row.

For completeness, decompose V,, = I, + J, and use (7.34)— (7.36). The box-independent
main terms in the four orientations satisfy the following bounds, where R/!, RF R/’ Rdlag
denote their respective contributions to (D~ Cove(Q, Sy))::

1 tp waoy

! peP;

‘RiH(gﬂmain <

1 t WO

‘R{J(g”main < = Z £ Ga(g) < )
Hi pEP; p w

1 iy woy

— ¥ 2gq

H: Z p2 2(9) < w2’

! peP;
dia,
’R g( )|ma1n < d ( ) = On(wai).

’R;‘]J(g”main <

Let ¢g = 65307)‘,[, (n) be the pair remainder in (7.52). After division by wa, its four contractions

are bounded, respectively, by

1 Zl31(9)7 B9 1 ZLBZ(Q), o 59).

€0 ) 0
H;o; w woy H;o; w woy

pEP; p pEP; p
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The first expression tends to zero by (8.68) and (8.82); the third and fourth do so by (8.84)—
(8.85). For the second expression, the low row is Oy (eg/w), while on every positive row «; > 9;
it too tends to zero after the already chosen positive w, W, box, and mesh have been fixed. This
is threshold dependence only and creates no box-dependent main constant. Finally, the literal
endpoint terms obey .

endpoint 212
B0 s PE = o)

max
2 (67
Indeed #P; <y, 3, 19¢] < wy, and H;a; tends to d on the low cell and is bounded below on
every fixed positive cell. Thus all JI,1J,JJ, diagonal, tail, endpoint, squarefree, and guard
terms have now been contracted against the actual non-step score.
The finite head and physical Schur subtraction is relative as well. We record its raw nuisance
vector here so it is not inferred from the later post-regression calculation. Before guard deletion,
(7.64) and centered component-weight cancellation give

o 1 ‘gp’ w
| Cove(H,), Sy)| <Bw I zp: ? <Bw T
The physical coordinate has the same bound by (7.61). Since ||Sy|l <w wL, (7.65) and (7.67)
show that guard deletion changes either covariance by Op w (wyLA*! /n) = 0,.5.w (w/L). Hence

w

| Cove(Z, Sy)|l <Bw 7

+ On;B,W (w/L)

Together with ||(Ug)i«|| <Bw Hi/L, (8.48), and HF;H <y 1, this gives

w

73+ 0on(w/L?) = onpw (way). (8.87)

1 _
iR ‘(Ugfg L Cove(Z, Sg))i’ <B,W

Combining (8.86)— (8.87), we have proved the explicit sharp ledger

(D7) Crm
max ———— < C'rhs + =+ Tn;B,W,P> Tn;B,W,Pp — 0.
7 wog; w

Here Cips, Choy, depend only on the structural Dickman and regular-mesh bounds; in particular
they are independent of the later box radius and of the permitted mesh. All dependence on the
fixed box and mesh is confined to the vanishing remainder and its n-threshold. Moreover, (8.41)
shows that S, ! P, S, is uniformly bounded, so projecting the right side in (8.74) preserves this
sharp estimate. Increase only the corresponding n-threshold until 7,5 w,» < 1. The right-side
constant passed to the weighted inverse can therefore be chosen from Ciyg, the already fixed
structural 1/Wy bound, and one spare unit, independently of the actual W, box radius, or

permitted mesh. Applying Lemma 8.5 gives

reg

g0 | < Cywag, ;%] < Cywa;  (§ > 1). (8.88)

We next prove, rather than assume, the sharper nuisance estimate needed for the lower Schur
bound. Put

Pred =83 = "5 Q=3 "¢V, ¢ =gp— i)
p

Equations (8.73) and (8.88), together with >°, H;a; = O(1), give

c
llelloo < w, ZMSZ@+ZHj|q§eg|<<w.
p P » P
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Moreover, the quadratic coefficient bound used below is the direct calculation
p
First omit the numerical guards and decompose the full tilted mixture into its finitely many

exact component cells C,, with weights \,. By (7.64), for a fixed reference component one may
write

<2V +2) Hj(q)®)® <2V + 20wy Hjol < w’.
J J

@"Ew

1
pL’
uniformly in a, p. Eaeh head indicator H) is constant on Cj; write th@t value as h, , and its
mixture mean as h,. The law of total covariance and Y, Ag(hyq — hy) = 0 give the exact

Ec, Vo =myp + ea(p), lea(p)| <B,W

cancellation

COV§ Z Aa( - Z cpimy +ea(p)}
= ; Aa(hy,q — Z cpea(p) <Bw — Z M <B % (8.89)

The physical coordinate satisfies the same bound directly by (7.61):

w
| Cove(R, Pea)| < ) lep| | Cove(R, Vp)| <pw — (8.90)
p

T
It remains to check that numerical guards do not destroy these cancellations. Every coordinate
of Z is bounded by a constant depending only on W, while

[ Prmedlloe < [leflo Z Vp <w wl.
W<p<y

Equations (7.65) and (7.67) therefore show that guard deletion changes each covariance in (8.89)—

(8.90) by
w LA+1
Op.w <yn> = op.w(w/L).

Since dim Z is fixed after W, we have proved the vector estimate

Yt onpw(w/L). (8.91)

|Cove(Z, Pmed)|l <B,w 7

Together with HFE_IH <w 1, this gives

HaZH = HP COVE(Z Pmed)” <LBw F +0n(w/L) < Cww

L
after increasing only the n-threshold for the already fixed box. Thus the nonvanishing comparison
constant may still be chosen independently of the box radius. Equations (8.73) and (8.88) imply
all three bounds in (8.76). The constants used for the medium-prime vector are the Mertens
main-term constants and the continuum weighted inverse underlying Cy. The preceding relative
display shows that finite nuisance regression changes the medium vector only by a vanishing
relative term; its nonvanishing finite-dimensional part is recorded separately in az. Hence Cemp
is fixed from the continuum regression before W, the tilt-box radius, or the final mesh is chosen.

For the lower Schur bound we again keep the continuum and arithmetic objects separate.
Define

dt c c
o [~ ol —a) (e
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The moment calculations above and weighted Mertens summation give
V=V.+onwpw?),  Vexuw’ (8.92)
To transfer the actual fitted vector ¢™¢ € G, put
—1 reg

Tn =S5, ¢, e = ez, q(c) = S.xe.

Then ¢(©) € G,, and (8.41) together with (8.88) gives

q](p) q;eg
max | = — = —| = op;w;p(w). (8.93)
7oy Qj

Let q7(§) (t) = qj(c) on I;. Harmonic centering of ¢ — ag»c) on each cell gives the exact continuum

identity

1 2 dt
- Y Y
Jok J,, 1o () —ap (1) X /
= it {(1 - X)a® — @3, +A2.} = AL sy (8.94)
AER ¢ A+ TV, ’

where
Ae = (aNTD.al® <1, (@ NTD.q" = 0.

The second relation is the exact continuum gauge. Thus no arithmetic orthogonality is inserted
into a continuum integral.
The exact finite-n identity
L+ R(m) — vp(m) lo

W<p<y logy

shows that, after row centering, the physical and head columns subtract the function ¢ exactly
at finite n. Hence the distance from the kernel direction in (8.94) is the one relevant after the
joint nuisance Schur complement.

We spell out the discrete-to-continuum quadratic transfer for the actual non-step coefficient.
On I; N [to, 1], put

cg) (t) := a§-c) —t— qjc),
and extend its value at g linearly to (0,tp), exactly as in (8.30); denote the resulting function

on (0, 1] by é(fpc) Cellwise Mertens quadrature, (8.92), and (8.93) first give

Z (i) — tp — q;?i)) - Cg) (tp)

W<p<y p

= On;VV,'P(w)v

s losw —to =) - PP
W<p<y p

Here W, 9,7, and hence w > 0, have already been fixed before n — oo. Thus the relative center

convergence in (8.40) is legitimately o,(w) at this stage; no estimate uniform as w | 0 is being

asserted. The first line controls the marked off-diagonal error, and the second, together with

boundedness of the continuum covariance operator and Cauchy—Schwarz, changes its quadratic

form by o(w?). The two-index marked formula then gives, uniformly on each fixed box,

Vare ( 3 cpfp) — @&, A8V + Opw (w? /L) + OW* /W) + 0p.5wp(w?).
W<p<ly
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Here the O(w?/W) term is precisely the squarefree diagonal correction; it is retained rather
than hidden in the little-oh term. At the low boundary,

1) (t0)] < ) + to + g’ = O(al + to) = on(w).

Consequently the low extension changes both the squared norm and the quadratic form by
on(w?), by the calculation in (8.32). Therefore (8.12), (8.94), and (8.92) give a fixed positive
multiple of w? before the following relative perturbations are subtracted. The finite nuisance
Schur loss is, by (8.91) and (8.48),

COV&(Z, Sg —q°8. Q)T Fgl COV&(Z, Sg —q%- Q) = OBJ/V(wz/Lz) + On;B’Wp(w2).

Thus the continuum Poincaré gap is transferred at the relative w? scale before the prime-power
replacement is made. The upper bound in (8.77) follows directly from the unprojected score
and (8.73).

At the w? scale every transfer is relative. From the marked squarefree errors and the
coefficient bounds already proved,

p
G _ 1 % 2
p p

2
> + Z CP} = On(w2)v (896)

where quantitative Mertens summation gives eyw,s,(n) < 1/logL + log L/L + e=VL. The
endpoint terms in the four-mark formula are included in this ¢; the cofactor margin n/y* = nl/9
makes their total o, (w?) for the fixed mesh. For the nuisance block, (8.91), the gap Fgl = Ow(1),
and the exact physical removal in (8.50) give

Ehead/phys = On(wQ)- (897)

These displays include respectively the off-diagonal squarefree, squarefree-diagonal, discretization,
and head /physical errors; none is being replaced by a generic additive o,(1).

It remains to justify the relative prime-power statement. Write I, = 1,,, and Jp = v, — I,
The product-weighted aggregate estimate (7.34), with its transposed and two-extra-power
analogues, gives, for p # ¢,
epw(n)

tptq
| Cov(Jp, Ig)| < Cpow% + %4 +Ow(L/n),

with product-weighted analogues for the diagonal, transpose, and Cov(J, J;). Hence

Var (ij cpv,,> — Var (zp: cpIp> |

Crel(Ccmp> 2 rel
S— 3y Wt €BW,Cgmp (M)W

This is (7.60), applied with (8.76). Together with the O(w?/W) squarefree diagonal in (8.96)
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and (8.97), this proves (8.79). For clarity, the complete relative-error ledger is therefore

contribution bound
Esf,off OW (MQ/L)
Esf,diag O(’LUQ/W)
Epow Crel(ccmp)MQ/W + 6§}W,Ccmp (n)w2
Egisc On;W, P (wQ)
FEhead on:B,wp(w?)
Ephys on:B,wp(w?).

The last two entries are listed separately: the head term follows from the finite-dimensional
gap (8.48) and the marked head rows, while the physical leading term is removed exactly by
(8.50) and its remaining Stieltjes error is o,(w?). The constant Cepmp, and hence Cye)(Cemp),
was fixed from the continuum regression before W, the mesh, or the tilt box; in particular it is
independent of all three. Choose W using the box-independent constant Cyei(Cemp), and only
after the compact box is known take n large enough to absorb er,f}wvccmp(n); the lower Schur
bound is then preserved.

Finally we verify the marked row without suppressing an orientation, diagonal, or endpoint
term. Fix W < p < y; all covariances in the following calculation are under v, ¢. Since
Cy =X, ¢qVq—aZL Z, first consider the prime part. The squarefree diagonal is O(|cp|/p) = O(w/p).
For g # p, (8.35) and (8.36) give

t tqlc c C. w
> ol | Con(ry )| < 2 32 el [0 [0y} 2 (809
a#p P 4 p p

Here and below the threshold for the vanishing remainder may depend on the already fixed box.
The coefficient estimates (8.76) also imply

tqlcql tqlcql w
Slal<uw, Yy, yUE ot
q q q

Using V = I + J, the four estimates (7.34)—(7.36) now give the following separate contractions:

w w  wylL
Z lcql | Cov(Jp, Iy)] < ) + 6B,W(”)P + T’
q#p
w w wyL
t;) el | Cov(Ip, Jy)| < oW + 6B,W(n)zﬁ + T?
w w wyL?
5l Contp ) < i o () s+ 5
w w wl?
lep| | Var(Vy,) — Var ()| < o + GB’W(H)P + - (8.99)

For the last line, J, > 0 implies I, = 1, whence | Var(I, + J,) — Var(I,)| < 3E.J2; this is exactly
the diagonal estimate in (7.36). All endpoint terms in (8.99) are uniformly o(w/p), since
L2 2L2

sup]L < ) o(1).

p<y M n
Thus the full prime part of Cy contributes Ow (w/p), uniformly on the fixed box once its
n-threshold is chosen. We also spell out the nuisance marked family used here and later. Before
guard deletion, (7.64) and the same centered component-weight cancellation as in (8.89) give

. 1
| Cov(Vy, Hp)| <Bw oL
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for every head coordinate, while (7.61) gives this estimate for the physical coordinate. Guard
deletion changes either covariance by at most Op w (d¢L), by (7.67). Uniformly for p <y,

y2 LA+
(55[1 (pL) <<B,W " = 0(1),
S0, in the fixed-dimensional Euclidean norm,
1
| Cove(Vy, Z2)|| <Bw oL (8.100)
Since |laz|| <w w, it follows that
w w
Cov(Vp,azZ — —
| Cov(Vp, az2)| <pw 7 <w
after increasing the threshold for the fixed box. Adding this nuisance row to (8.98) and (8.99)
proves (8.78). O

8.6 Exact nonlinear fitting

At the physically and head-fitted point constructed above, all frozen charges are included in
the residual. Complete rough-signature equations give r, = 0 for p > y, and the head fit gives
rp = 0 for p < W. The ordinary logarithm was fitted exactly, so

OzlogY—logBo—Zxaloga: erlogp.
a P

Consequently the following compatibility is an exact finite-n identity:

> tyrp=0. (8.101)
W<p<y
Let
Aj = Z Tp-
PEP;

After absorbing the marked cost (8.8) into the constant, the strict-rate output (6.55) gives

NH;
A <w — (8.102)
The scalar target requires the sharper estimate below, rather than a generic O(N/L) bound. By

(8.101),

ZO‘J'AJ' = Z (O‘j(p) —tp)Tp,
J

W<p<y

N |Oéj(p) — tp| Nw
— —_ —. 8.103
<w T > <w (8.103)

W<p<y L

Z LIAY
J

Proposition 8.7 (Physically centered fixed-partition fit). For the reqular partition above, the
active weights can be changed while keeping their total mass, every head valuation, and the
ordinary logarithm exact, so that

drp=0  (0<j<s). (8.104)
pEPj
At the resulting point,
N
[rp| < CI,WZE (W <p<y), (8.105)

where Cy v is independent of every sufficiently fine reqular partition chosen after W. The top
component and protected layer in (8.1) remain literally unchanged, all total coordinate weights
lie in [0,1], and the integer equation (8.2) is preserved.
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Proof. We define one finite-dimensional map and solve all moments simultaneously. For u € G,
put B(u) = 3, u;Q;. Use the fixed statistic Sy = >, gpvp and the nuisance vector Z from
(8.23). A gauge-fixed parameter is & = (u,a,\) € G x R*T! x R, with exponential score

B(u) +a’ Z + \S,.

The gauge coordinates are concrete. If eq, . .., es are the standard band vectors, use, for 1 < j <'s,
, H;a;
() = e, — D 8.106
q j Hooo 0 ( )

Since Hypag = d + o(1), these vectors are well defined and form a basis of G = {u : o’ Du = 0}.
Primal coordinates mean coefficients in this basis; dual coordinates mean evaluation on the same
basis. On the nuisance block we use the ordinary Euclidean norm. The intrinsic quotient-dual
norm is specified below and is the one used for all mesh-uniform estimates. This is merely a
nonsingular change of coordinates in (8.21), by (8.95). For a statistic F', put

mp(§) = zm(€)F(m).

To avoid concealing a coordinate factor, regard the quotient moment as an element of the finite
dual G*: its value at v € G is the moment of #(v). The normalized moment map is

L
M) = = ([0 maa) (€) = mip(0)], m2(€) = mz(0),ms, (€) = ms, (0))
Its prescribed endpoint is
L T T
T::—([v»—mj Al, 0, o A).

qn
To specify the quotient norm without a coordinate convention, put
L
dp == —D7'A.
qn
Then
76(v) = (v,dp)p, ldplloo <w 1,

by (8.102); the actual gauge representative is P, ,dp. We define ||7g||oc := || Pandp||oc- The
projection is uniformly bounded by (8.22). This target is exact: if the Z-moments do not change,
then (8.101) says that changing the band moments by A changes the S,-moment by alA. The
envelopes (8.102) and (8.103) give

I7glloe + I72ll <w 1, |7g] <w w.

We display the full inverse used at an arbitrary point of the path. Let 2 denote the joint
vector of the quotient band scores (%(q")))1<j<s and Z, in the concrete coordinates (8.106),
and write

Ag = COV&(Q, Q), b£ = COV&(Q, Sg), dg = Val"g(Sg), o¢ = d5 - b?Aé_lbg.

In these primal/dual gauge coordinates, the Jacobian of M is exactly the covariance block

DM(£) = (?f Cbé ) . (8.107)

For a right side (vg,vy), its inverse is not a sequential nonlinear fit but the single block formula

A= agl{vg - bgTAglvg},
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2 = A {vo — beA}. (8.108)

Thus the quotient and nuisance coordinates are continuously refitted whenever the slow coordinate
moves.

We now identify both terms involving Agl with the operators estimated in the preceding
lemmas. This is an exact finite-dimensional calculation. Let Q : R®* — G be the matrix whose
columns are the vectors ¢U) in (8.106); thus a concrete quotient coordinate x represents the
actual band vector ¢ = Q. Set

C¢ := Cove(9Q,9), Ue := Cove(Q2, Z), I'e:=Cove(Z,7),
— o Yo —17/T
he := Cove(£2, Sy), z¢ := Cove(Z, Sy), Ce:=Ce = Uel' Ug .

Thus C¢ = ¢ 'CZ. Literally in the concrete primal/dual coordinates of (8.106),
3 n “¢

_(QTCQ Q"Ug _ (QThe
Ag = ( UgQ Fg , bg = % .

Let a joint right side be (rg, ), and choose any r’ € R¥T! representing its quotient functional:
rg(v) = vTr” for v € G. Directly eliminating the nuisance variable in A¢(z,a) = (rg,7), with
q = Qu, gives the equivalent pair of equations

a= Fgl(rz — UgTq),
TA o Tb -1
v Ceqg=v (1’ —Uel'y "rz) (v € Q). (8.109)

Since the Euclidean annihilator of G is span{Da}, the second line is, in turn, equivalent to the
intrinsic projected equation

PanD 'C¢Pang = PanD (" —UT¢'rz),  q€G. (8.110)

This equivalence uses the actual band values of ¢; no norm of the coordinate matrix Q or its
inverse is introduced.

Take first (r”,77) = (he, 2¢). Equations (8.109)— (8.110) are then exactly (8.74) and (8.75).
If ¢"°& = Qu"®, they prove, without an implicit coordinate identification,

Aglbg = (z"%, ay), o¢ = Varg(S, — 8- Q — aL, Z) = Varg(Cy). (8.111)

The variance identity follows also by expanding the square and using the two normal equations
in (8.109); thus it is an ordinary finite Schur complement, not an additional probabilistic
assumption.

For the actual fast target, vo = (7g,0), choose

L
P = q—A = Ddp.

Write Aglv 9 = (a;(o), a(o)) and put u(® = Qz(® € G. The same exact elimination now reads
PanD 'CePopt® = Papdp, o = -T;'07ul. (8.112)

By (8.26) and || Pa.ndp|lec <w 1,
(9] oe <w 1. (8.113)

Moreover |(Ug)i«| <w Hi/L, Y; H; < log L, and HFng <w 1. Therefore

log L

1 <pw = on;Bw (1)
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In particular the fast nuisance coefficient is bounded by an absolute multiple depending only on
W, after increasing the threshold for the already fixed box; its bound does not enter the choice
of that box.

We may now apply Lemma 8.6 through the exact identification (8.111). It gives

oe=ww?, I <way, gl <ww, el = maxlg, - ¢ <w.  (8.114)

J(P

The only nontrivial target pairing in the numerator of (8.108) is now an exact dual pairing:

6T A 0o = |(A7 be) Tv| =

L
Ly,

g

<Lw wZHjaj <Lw w.
J
Here the nuisance target is zero, (8.102) bounds Aj, and >>; Hja; = >y o<, tp/p = O(1).

Together with |vy| <y w, the first line of (8.108) therefore gives |A| <y w™". Tts second line,
interpreted through (8.111) and (8.112), is the exact pair

u=u® — \g*e, a=a"% - day.

Consequently, prime by prime,

_ (0) reg y _ . (0) ;

Equations (8.113), (8.114), and the bounds for A, a(’) now prove

Al <w wl, e %) + Agp| + [|al| + w]|A| < C.. (8.115)
The leading continuum blocks give a constant Ci,y, independent of the tilt box and the
regular mesh. Before this constant or the ODE box is introduced, W has already made the
box-independent terms Chow /W, Cgow /W, and Crel(Cemp)/W smaller than the fixed continuum
gaps. All dependence on a later fixed tilt box is in ep 7 (n), its explicitly rescaled relative version
er§1W Cemp (n), or the analogous fixed-mesh remainders, all of which tend to zero with n. Fix
Cy = 2Cmv7W. After the box below is prechosen, only the threshold for n is increased so that all
these B, W-dependent vanishing errors use the spare factor two. Thus (8.115) holds with this
noncircular C.

We now remove the possible bootstrap circularity. Define the effective norm

€ lesr := W%%éy [uj(p) + Agpl + [lall + w[A].

Choose in advance B, = 4C, after W but before the ODE. On the prechosen box ||£|leg < B,
the logarithm of the Radon—Nikodym derivative is bounded by

T Y walm)+ Ow(B/L) < e +ow (D).
p>W

This gives a fixed dominating density. More sharply, the tilted marked lemmas show that the
leading h, K blocks are unchanged and that the box-dependent local errors are Op, w(1/L). After
increasing the fixed-mesh threshold for n, all covariance gaps and row estimates used in (8.115)
remain within the reserved factor two. In particular its right side is at most 2Ci,y,w = Cy < By/2
throughout this box. The box was chosen before the path, so this conclusion is not being used
to define its own domain.
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The constants C, and B, are uniform over all permitted regular meshes. They may therefore
be fixed after W and before a particular mesh is instantiated; after the mesh and the box
are fixed, only the threshold for n is increased. In particular, the choice of W never depends
on B,. Fix such a mesh and such an n. In the gauge coordinates the parameter space is
finite-dimensional and M is C*°. On the closed effective box

Ky =A{¢: [I€ller < By}
the preceding covariance gaps make DM(&) invertible and
IDM(E) ' rller < Cu (€ € K).
Solve the straight-target ODE
€(t) = DM(E®) ', £(0) =, (8.116)

Let [0, Trax) be its maximal solution interval while the path remains in the interior of K. Local
existence follows from (8.107). More explicitly, DM is smooth and invertible on a neighborhood
of the closed box, so & = DM (&)~ 7 is locally Lipschitz there; the finite-dimensional Picard—
Lindel6f theorem gives both local existence and uniqueness. For ¢ < min(7Tax, 1), integration
gives

1)l < Cut < Cy = By /4.

If Thnax < 1, the same derivative bound makes £(¢) Cauchy as t T Thax. Its limit lies in the
strictly smaller box ||€||es < Bi/4, where the Jacobian remains invertible. The local existence
theorem therefore restarts the solution past Thax, a contradiction. Hence Ty.x > 1. The chain
rule gives

d
G MER) =7, M(EQ) =T

To check the converse coordinate implication, let A°" be the resulting vector of band-moment
increments. Equality against every v € G implies

A" — A = cDa

for some scalar ¢, because the ordinary annihilator of G is span(Da). Preservation of the
Z-moments preserves the physical and head moments, so the exact logarithmic identity turns
the slow equation into a” A°" = T A. Hence ca” Da = 0, and ¢ = 0. Thus M(£(1)) = 7 is
precisely all band, head, physical, and mass equations. Existence, rather than strict convexity,
has now been proved; strict convexity only supplies uniqueness in the fixed gauge.

For later use we record the primewise row bound for every block of this inverse. Along
(8.116),

‘COV§ (Vp, ZLquot ) ’ <w p L

(Cove(vy,a” 2)| <w (1),

‘)\ Cove(vp, Cg)‘ <w w_l% <w p L. (8.117)

For the first line one must include the leading row, not only its arithmetic error. If u; are the
bounded effective quotient coefficients, then

Cove (vp, Zuij)

J

C t t 1
< ?W—FCWl Z £+0(1/p) <w 2;

W<q<y

This uses the diagonal multiplier, the product kernel (8.11), and the box-uniform full-valuation
transfer (8.47). The second line follows from the full head /physical marked family (8.100) (whose
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physical coordinate is (7.61)), and the third from (8.78). Multiplication by ¢,/L < N/L and
integration over 0 < ¢t < 1 show that the bridge changes every marked moment by Oy (N/(pL)).
Combined with (6.55), this proves (8.105).

Only 22" was reweighted. The effective box bounds its density distortion between two fixed
positive constants. Hence, for a constant C'p, w independent of m, n,

!
0 < zm(£(1) < Cpowap, < =7
On a shared clean coordinate the only frozen summand is the protected layer, also Oy (1/L);
the top support is disjoint. Therefore the complete coordinate weight is between zero and
(Cp,w + Cy)/L < 1 for all sufficiently large n. The positive zero-head pool persists. The
disjoint top support and the frozen additive protected summand are untouched, proving the
remaining margin assertions. O

Corollary 8.8 (Mesh-uniform marked-rate constant). After W is fized there exist ny > 0 and
a finite constant Cian, chosen before the particular fine mesh and before w = § + 1, with the
following property. For every permitted reqular mesh with w < ng, once that mesh is fived there
is a threshold ng = no(W, P, By) such that, for all n > ng, the post-bridge residual satisfies

N
< Ctan— W <p<y).
Irpl < Can- 7 (W <p<y)
The threshold is not asserted to be uniform over an infinite family of meshes, but the displayed
constant is.

Proof. Choose 1y below the continuum inverse thresholds in Lemma 8.4 and Lemma 8.5. The
quotient and nuisance rows in (8.117) are Oy (1/p), with constants independent of the permitted
mesh. The slow row is uniform for the nontrivial reason

. 1w 1
Al Cove(vp, Cg)| <w —— <w —,
E\Ups g w p D

so its constant is also independent of w. Integrating the three rows for 0 <t < 1 and multiplying
by ¢n/L =< N/L gives a mesh- and w-independent addition to the rough-stage marked-rate
constant. Enlarge the previously fixed Ci,, by this amount. All box- and mesh-dependent errors
tend to zero after the mesh is fixed and are absorbed by increasing only ng. This proves the
stated quantifiers. O

8.7 Choice of constants and the bridge output

The order of constants is important. First fix the tangent comparison ratios ro < 3/2 and p > 1
with p? < rg, together with the anchor and bank data. Next choose one sufficiently large, fixed,
nonprime W containing the anchor support, put every prime at most W in the finite head, and
make the box-independent quantities

Csf + Cpow + Cgow + Crel(ccmp)
w

smaller than the reserved continuum covariance and inverse gaps. Never enlarge W afterward.
The compact ODE box is chosen later; its dependence appears only in remainders tending to
zero with n. With this head fixed, choose the rough-selector constants and the protected/active
split, then choose 0, < 1/18 and construct the guarded selector. Record its surviving slack o
and fixed-rate constant Ci,,. Only then choose the fixed regular band parameters d,7 small
enough for the bridge and tangent inequalities. Finally fix that mesh and let n — oo, with its
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threshold allowed to depend on all preceding fixed choices. This order uses no uniformity for a
growing head block.

Combining Sections 8.1 and 8.2 and Proposition 8.7, the fractional point passed to the
tangent stage has all of the following exact properties:

(i) every nontrivial complete rough-signature row has its prescribed integer quota, and the

flexible smooth row has the integer quota ¢fl*(d);

rp = 0 for p < W and for p > y;

)

(iii) the physical logarithm is exact, so (8.101) holds;
) every band satisfies (8.104), and every medium-prime residual satisfies (8.105); and
)

on clean smooth endpoints the still-frozen protected layer and the active ceiling provide
two-sided slack o/L; on clean nonsmooth endpoints the two-sided slack is instead the
broad-selector margin left by (6.35).

No integer deletion bracket and no unverified endpoint sign is used in this construction.

9 The finite-band tangent absorber

We now cancel the remaining residual at the primes W < p < y. The inputs from Section 8 are

N

> rp=0,  |rp| <Can—,  Cran = Crw, (9.1)
pL

pEPj

for every fixed exponent band, together with exact complete rough rows, exact head valuations
and exact ordinary logarithm. There is also a fixed o > 0 such that every clean broad endpoint
in an active, nondedicated row has two-sided slack o/L. In the smooth row its lower margin
comes from the frozen protected summand (and its upper margin from the surviving active
ceiling); in a nontrivial rough row both margins are the broad-selector margins left after the
o(1/L) row correction. The residual convention is always target minus current. All valuations in
(9.1) are full valuations, including prime powers.

9.1 Uniform clean common-multiplier lists

Fix 1 <79 < 3/2. For distinct primes

W<ov<u<y, u/v < ro,
put
n 2n— Kh
Ly ={———].
v u

For a € I, both va and ua lie in the broad interval J = (n,2n — Kh]. Let %oy be the set
of fully dedicated nonexceptional rows fixed in (6.42). Under the endpoint-deletion convention
used here this set is empty; we nevertheless retain the condition below so that the list definition
itself records the required active-row test. Use the exhaustive numerical guard set I'yym, defined
in (6.39). It consists of the modified external anchors, the fixed exceptional upper factors, every
withheld bank donor, and both possible states of every bank path. Later bridge and tangent
coordinates are flexible and hence are not an additional class of guards. Define

Ll = {a €LiwNZ:(a,Pha) =1, Xpgya) = Xo, Ryla)¢ Zrow, ua,vag Fnum}. (9.2)

Since u,v <y,
R,(ua) = Ry(a) = Ry(va). (9.3)

Thus a switch between ua and va stays in one complete rough signature row.
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Lemma 9.1 (Uniform common list). With the exceptional cutoff fized once by (6.1), there is a
fixed k > 0 such that
n
’ﬁzirv’ 2 ’%E

uniformly for every permitted pair u,v and every sufficiently large n.
Proof. Put onq = ¢(Phd)/Pra- The interval length is

u v

n

Counting the fixed reduced residue classes modulo P4 gives

#a € L () = 1) = {8 (2 2) o)} (9.4)

u

The error is uniform because n/u > n/y = n"/?.

We next remove the exceptional rows. Write a = Rb, where R = Ry(a) and P*(b) <y. If
Xgr =2n/R < X =n’, then
2n 2X0
R> — b< —.
XO ’ u
For an upper bound, discard the additional lower cutoff R > 2n/Xy. For fixed b, the full physical
interval forced by a € I, has location and length both =,, n/(ub); whenever it can contain
an exceptional multiplier, (9.5) makes this length >,  n/Xo. The interval Selberg sieve (2.11)
applies uniformly: its lem remainder level is y* = n®/9, while

(9.5)

n/Xo = n'"%, J. < 1/18.

For a fixed sieve constant Cg, > 0, it follows that the number E,, of exceptional multipliers is

1 X 4
RPN S P
UIOgybgzxo/ub u (logy)
O n
<< Cqy— 1), —. 9.6
<{enf +om} s (9.6

Indeed the second term is o(n/u), since

Xoy?

— 0+ +8/9—140(1) _ (1)
n o .
n(logy)?

If u > 2Xj, this sum is empty. Notice that the loss is a small fixed fraction, not o(n/u).

It remains to check the actual guards. We give the complete census of those guards that can
meet a lower endpoint ua or va. Every modified prefix anchor is Pq, where P > y is its unique
rough marker and every prime factor of ¢ is at most 2R + 1 < W; hence it contains no medium
label. A row-zero anchor is a prime greater than n, so it contains no medium label either. A
promoted anchor is 2krp®r. If p > y, its only smooth prime is 2; if p < y, it is one of at most
m(y) promoted smooth anchors. Consequently only O(m(y)) anchors can be divisible by a prime
in (W, y].

There are O(yL) component factors in the fully reserved bank by (5.14); taking both
states changes only the implied constant. These are the only remaining lower guards. Indeed,
Gax C (2n, M] by (6.37), and every member of Eqopnor lies above 2n, so neither class can equal a
lower endpoint. Thus the number of endpoint-relevant guards is

O(n(y)) + O(yL) = O(yL).
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For a fixed label u, the equation ua = g determines at most the one integer multiplier a = g/u;
the same statement holds for v. Therefore the guard deletion is, uniformly in the permitted pair,

O(yL) = o(n/u), (9.7)

because u < y and y?L/n = o(1). The dedicated-row condition costs zero because Zioy = 2.
More generally, the quantitative data in (6.42) would bound its loss by O{yL(y/u+1)} = o(n/u).
Thus the definition cannot call on a row whose flexible quota was set to zero. Terminal exceptional
rows were already removed in (9.6). Forced exceptional upper factors lie above 2n and cannot
occur in a lower list.

Combining (9.4), (9.6), and (9.7), the one-time inequality (6.1) gives

| 0 3
Csvg < 15}1(;1(2 — 7’0), 5hd(2 — 7’0) — Csvg > Zéhd(2 — 7’0) > 0.
Thus, without changing ., one may take
1 O
KR = 5 {5hd(2 — ’I"O) — CSV@} > 0.

O]

We record explicitly why every endpoint now retained in (9.2) has usable slack. If Ry (a) =1,
the frozen protected smooth summand supplies the lower floor and the fitted active summand
stays below its broad ceiling. If R,(a) > 1, the row is nondedicated by definition of the list, and
the broad raw floor and ceiling survive the row correction because that correction is o(1/L) per
clean coordinate. After decreasing the fixed constant o, if needed, both cases give

g g

E §l‘ua,$va§ 1—E (98)
Thus one pair u, v has at least
N
- 9.9
Ko~ (9.9)

real two-sided capacity. This floor is used for tangents only now; it was not a source of bridge
covariance.

9.2 Finite-band earthmover estimates
Use the exponent bands corresponding to (8.20):
By = (W,n™],  Bj=(n%"'n%] (1<j<s),
where ag = &, as = 0 = 2/9, and
Cmesh0j—1 < @5 — Gj—1 < Naj—1.
Set
Wian = 0p + O1.

These are the same bands as in the bridge, merely written in the logn-exponent convention.

Choose a fixed p > 1 with p? < 7. Partition each band, separately, into multiplicative
p-cells, merging a possible terminal fragment with its neighbor. Any labels paired within one
cell or in adjacent cells then have ratio at most p? < ro. The prime number theorem, after W is
chosen sufficiently large depending on p, gives

#{p in a cell at scale Q} < @ (9.10)

=, 710gQ'

This is a fixed-ratio interval, so no short-interval prime theorem is being used.
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Lemma 9.2 (Finite-band transport). In each exponent band [a,b], there is a nonnegative directed
flow (fuy) on its prime labels such that

Z(fpv - fvp) = Tp, (9'11)

v

fur >0 = max(u,v)/ min(u,v) < p® < ro. (9.12)

Writing fp := 3, (fpv + fup), the union of these flows over all bands may be chosen to satisfy

#{(ua U) : fuv > 0} = Op(ﬂ-(y))a (913)
Z Juv <p CranNWtan + O(N), (9.14)
P b o1
Wp <<p Ctan {thgt + L} (p Xp nt), (915)
pfp
sup — < CtanWtan + 0(1) (916)
PN

All constants are uniform over the finitely many bands in the permitted mesh.

Proof. Fix one band and write its consecutive prime cells as Q1,..., Q,,. Put
Sit:ZT’p, Fi::zsh (1§i<m), Fy=F, =0.
PEQ; h<i

The last equality is exactly the band-balance assertion in (9.1). If the boundary between Q; and
Q,11 is Q = n!, band balance also gives

|Fil =

>l

Q<p<nt

Using the pointwise bound in (9.1) and subtracting the two instances of (2.9), at their actual
endpoints, we obtain uniformly

Bl < Cny {log 7+ 17 }- (9.17)
The term 1/(tL) is the endpoint error O(1/log @); this remains valid in the moving first band,
where ¢t > log W/L. Thus no fixed-positive lower exponent is being assumed.

We next give the promised flow algorithm. Across boundary ¢, send the signed load F; from
Q; to Q;41: if F; < 0, reverse the direction. On either side distribute its absolute value uniformly
among all primes of that cell. The two resulting lists of nonnegative port masses have the same
total |F;|; the usual greedy matching of their first still-positive entries realizes this transport
with at most |Q;| + |Qi+1]| — 1 positive edges.

Let d, be the boundary-flow divergence at p, with outgoing minus incoming convention.
Since the signed boundary load on the right of cell i is F;, while that on its left is F;_1,

Z dy=F, — F;,_1=s;.
PEQ;

Consequently g, := 1, — dp, has sum zero in each cell. Greedily match the positive and negative
¢p’s inside that cell, directing flow from the former to the latter. This uses at most [Q;| — 1
positive edges and gives divergence exactly g,. Adding the boundary and internal flows proves
(9.11). Endpoints of an internal edge lie in one cell, and endpoints of a boundary edge lie in
adjacent cells. The possible merged terminal cell was allowed for in the exponent p?, so (9.12)
follows.
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This construction also proves the quantitative claims without an unproved distribution step.
Put m; :=|Q;|. The total boundary traffic incident to p € Q; is at most

_ |Fia| +|F

my

by :
The internal traffic incident to p is |¢,|, and |dp| < by,; hence

Ip < rp| + 20,. (9.18)

For p <, Q = n', (9.10) says m; =<, p/(tL). Substitution of (9.17) into (9.18), together with
|rp| < CranN/(pL), proves (9.15).

There are only a bounded number of greedy matchings incident to a cell: one internal
matching and at most two boundary matchings. Summing their edge counts proves (9.13).
Moreover, the cross-boundary traffic is >, |F;|, while the internal traffic is

1 1
5 iyl < 5 Iyl + Y I
p p %

Therefore 1
u,v W<p<y boundaries
The first term is 1 Nloe L
o}
5 2 Il < Cin == = o(N)
W<p<y

by (2.9). Consecutive cell boundaries have exponent spacing =<, 1/L, so (9.17) and an upper
Riemann sum give

> |F| <, CianN /6blo (sbdt—l—i:/%
% p “tan 0 gt = .

boundaries aj—1

log % dt} + o(N)
<Lp CanN (6p + 0n) + o(N). (9.20)
Here the accumulated 1/(¢L) endpoint terms are O(N log L/L) = o(N). Also fgb log(dp/t) dt = &,
while , )
/ log(b/t) dt < L= <1 — )
a a

for every regular positive band; summing gives O(6n). Equations (9.19)—(9.20) prove (9.14).
Finally, tlog(b/t) < b — t; it is at most J in the first band and at most 67 in a positive regular
band. This proves (9.16) and completes the construction. O

At a boundary Q = nt, (9.10) and (9.9) give aggregate port capacity

N N
— ==, KO—.
log @ P

=~p KO

Comparing this with (9.17) shows explicitly that the maximum boundary utilization is

Ctan, , B,
<<p{ tandp/ (KO) 0

, (9.21)
Ctan‘gn/(ﬁ'o-)a Bj7 J Z 1.
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9.3 Requests and simultaneous collision avoidance

For a directed support edge e = (s(e), t(e)), put

fe:=Fs@emey  Uei=max{s(e),t(e)},  Ve:=min{s(e) t(e)}.

The common list is indexed by the unordered pair (U, V¢), while the source-sink orientation is
retained as part of the request. For f > 0, put

kE(f) ;= max {1, [4[/]0—‘ } . (9.22)

g

Split an edge e with f. > 0 into k(f.) equal requests. The definition gives

ALf f o ok(f)
k > — — < — < .
Thus every request has size at most o/(4L), and
4L
k() < (9.23)
o

The second inequality is essential: a small-piece assertion alone would not control the number of
independent random choices.

Let k, be the number of requests incident to the prime label p, and let K,¢q be the total
number of requests. By (9.13),

4L
kp < ?fp + degsupp(p)a

Kuea < 23 fun + Om(y)).

uU,v

Equations (9.14), (9.15), and (9.16) imply

<<p T’Wtan + 0(1) (924)

Indeed, the direct term contributes O(Clanlog L/(0L)) = o(1). The +1 terms in (9.23) are
harmless because

7T( ) _ 0(1)7 yﬂ'(y) _ n2971+o(1) — 0(1)
n n
In particular, if
C
B tan (9.25)
KO

is sufficiently small, every prime port retains a fixed capacity margin. Under the stronger
smallness condition imposed in (9.33), the implicit constant in (9.24) may also be absorbed so
that, uniformly for every directed support edge e,

n

k(f@) S kUe < Fe

< =ILH vl

UeVe

=~ =X
| =

Moreover, this request bound implies the real edge-capacity bound

ok(fe) ko n ko N

< < — = ——.
fe = AL — 16 U.L 16 U,
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On the other hand, the actual two-sided capacity of the common list is

L O no N
|[’UeVe 72 Kﬁef = maa.

Hence each real edge uses at most one sixteenth of its literal available capacity. Even before the
random experiment, it also has fewer requests than list entries. The later local lemma enforces
the stronger global endpoint disjointness.

Let % be the finite request set. For a request t on labels {U;, V;}, with U, > V;, let Z; be
uniform on EJUrtvr . Its directed source and sink are also retained from the flow edge that created
it. Choose all the variables Z, independently. Its two numerical endpoints are

E. :={U:Z:,V: Z:}.

They are distinct within one request because U, # V;. For every unordered pair of distinct
requests define the bad event
s = {E:NE; # 2}, (9.26)

This definition includes all four cross-request endpoint equalities.
Suppose first that the two label pairs are disjoint. For fixed endpoint labels o and 5, the
equation aa = b has, because the two primes are distinct,

a = Bm, b= am.

The endpoint range gives m = O(n/(af3)); the harmless literal +1 is absorbed because af <
y? = o(n). Moreover the larger label in the first request is at most 7o, and similarly for the
second. Lemma 9.1 therefore gives a product of list sizes at least k*n?/(r3af3). Taking the union

over the four endpoint equations yields
1
P(&s) <rg P (9.27)

Now suppose that the requests share a label p. After writing their pairs as {p,r} and {p, ¢},
the four equalities are

pa = pb, pa = qb, ra = pb, ra = gb.

For pa = pb, there are at most O,,(n/p) possible common multipliers, while both lists have size
>, kn/p. Its probability is therefore O,,(p/(k*n)). Each equality with distinct endpoint labels
has O(n/(af)) raw solutions as above and probability O,,(1/(k?n)). This also covers identical
label pairs: there are then two same-label equalities, with the same bound. Hence

P(brs) rp (9.28)

K2n

These cases exhaust the event in (9.26).
Fix a request with labels u,v. There are at most k, other requests sharing u, at most k,
sharing v, and at most K,¢q remaining requests. Thus

1 (uk:u + vk, n Kreq> '

D_P(6es) <ng — - ”
sF£t

Equations (9.24), (9.27), and (9.28) therefore give

C an
Beon := sup Z P(&s) Kro,p /ﬁiowtan +o(1). (9.29)
v SF#T
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Thus every bad event, including every repeated-label case, is present in the displayed probability
ledger. Choose the fixed band parameters so that Beoy < 1/8.

For completeness, we now specify the dependency graph and verify the factor-four bookkeeping.
Join two bad events when their unordered request pairs intersect. An event is a function of
its two request variables, and the underlying variables are mutually independent; therefore
it is independent of the sigma-algebra generated by all nonneighbors. For an event E, its
neighborhood lies in the union of the bad events involving either of its two requests, and hence

> P(E') < 2Bcan.
E'~FE

Uniformly, P(E) = O,,(y/(k*n)) = o(1), so zg := 2P(E) belongs to [0, 1) for sufficiently large n.
Also

1
> ap <4Beon < 5
E~E

Using [];(1 — z;) > 1 — >, z; for nonnegative z; with sum at most one,
zg | Q—2p) > 2P(E) (1 - > xE> > P(E).
E'~E E'~E

The asymmetric local lemma from Section 2.5 therefore gives a simultaneous choice with no
endpoint collision. Since every list was guarded in advance, these endpoints are also distinct
from every anchor, fixed factor, bank state, and withheld donor.

9.4 Exact flow algebra and preserved invariants

Lemma 9.2 constructs the directed flow, and the request splitting preserves its divergence exactly.
If s(e) and t(e) denote respectively the source and sink label of a request and 7. > 0 its size,
then

> Telese) — €ie) =1 (9.30)

e

This equation fixes the sign convention: the selector change is +r. Equivalently, graph boundary
is source minus sink and equals 7.
For the multiplier chosen for a request, use the signed coordinate move

Te(Ls(e)ate) — Lee)a(e))-
Its full valuation change is
v(s(e)a(e)) —v(t(e)ale)) = ey(e) — €ye)- (9.31)

This remains true even if the multiplier contains s(e), t(e), or higher powers of either, because
the complete vector v(a(e)) cancels.
The moves have the following exact invariants.

(i) By (9.3), each move stays inside one complete rough-signature row; cardinality and every
valuation above y are unchanged.

(ii) The multiplier is Pyq-free and s(e),t(e) > W, so all head valuations are unchanged.
(iii) Both labels lie in one exponent band, so every exact band total is unchanged.

(iv) Equation (9.30) and (9.31) make every medium-prime valuation exact.
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The preliminary selector was exact in ordinary logarithm. Since its head and rough coordinates
were already exact, the residual convention gives

Z rplogp = 0.
W<p<y

Indeed, the target and the current selector have the same valuations outside (W, y], so the
logarithm of their product ratio is exactly the left side. Taking the prime-log scalar product of
(9.30) now gives the complete calculation

Alog = ZTe{log s(e) —logt(e)} = Z rplogp = 0.
e W<p<y

Thus no separate logarithmic balance is required inside an exponent band.
All chosen numerical endpoints are distinct, and every request has size at most o/(4L). Thus

each coordinate is changed at most once and (9.8) gives the explicit post-move margin

30 new 30 .

— <z, "<l - — for every endpoint used by the tangent.

4L 4L
Every unused coordinate keeps its previous feasible value, so the whole vector remains in [0, 1].
At this point the protected layer has been released: the object passed to rounding is the single
total vector (z,), not a separate floor plus an independently roundable selector.

Proposition 9.3 (Exact post-tangent certificate). Let Ar denote the remaining flexible candi-
dates of actual complete signature R = Ry(a); thus R =1, not 0, is the smooth row. After the
tangent construction,

0<z,<1 (a€A),
Z To=qr€Z (R#1), Zma:qg%x(d)EZ,
aEAR €A (9.32)
v(By) + Z zqv(a) =v(Y) at every prime.
acA

Proof. The row identities are unchanged by the tangent and were integer identities before it.
Primes p < W were exact after the head fit, primes W < p <y are exact by (9.30), and primes
p > y were exact by the complete rough-signature equations. This proves the valuation identity
simultaneously at all primes. Coordinate feasibility was proved above. O

Since every valuation on the left of (9.32) is nonnegative, the same identity also re-verifies
By | Y for the combined charged base. It is not obtained by multiplying separate divisibility
claims. The certificate (9.32) is the precise input to the deterministic rounding and bank
absorption in the next section.

9.5 Final parameter order

We summarize the noncircular choice. Fix rg < 3/2, then fix p > 1 with p3 < 5. Choose
the single finite head cutoff W large enough for the head cells, marked estimates, uniform
bridge perturbation, guard estimates, and the fixed-ratio cell prime counts. For the bridge
perturbation this choice uses only the box-independent leading constants in (7.37), (7.60), and
(8.69); it does not use the radius of the later ODE box. Use the one-time cutoff J, already
fixed in (6.1), construct the guarded rough selector and the head/physical baseline, and apply
Lemma 9.1; this fixes x and the surviving endpoint margin ¢. The uniform estimates of
Proposition 8.7 now supply a mesh threshold and a constant Ci,, valid for every sufficiently fine
regular partition; at this point no particular partition has yet been instantiated. Choose a fixed

111



Etan = Etan(T0, P, W, £, 0) > 0 small enough to absorb the fixed constants in (9.21), (9.24), and
(9.29). Then choose fixed dp, 7 > 0 inside the uniform mesh range and so small that

Ctan((sb + 977) < 5tan/€20- (933)

Instantiate the bridge on this partition and then run the tangent. The displayed condition implies
both the port condition (9.25) and the local-lemma condition (9.29); request sizes themselves are
bounded by the previously fixed slack in (9.22). Finally take n sufficiently large to absorb every
accompanying o(1) term, including all B,, W-dependent power-transfer remainders, and then let
n — 0o. Neither W nor any already recorded W-dependent constant is changed afterward.

10 Deterministic rounding and final assembly

We now convert the exact fractional selector into an exact subset of legal factors. We first recall
the chronology of the charge, because it rules out a possible circularity. Before the rough selector
was solved, the fixed residual factors and the chosen zero states of the universal bank were

combined into
Bo= ] a [] « (10.1)

0
a€Giix a’eGbank

as in (6.38). The nonnegative exceptional estimate (6.47), the bank and guard estimate

Up(Bo/Bexc) = ow (;D (r<y),

and the uniform tail supply
(c+o(1))N
UP(TH) = p— 1

were compared coordinatewise. At primes in Fj,., this comparison used the strict reserve
remaining after D was changed to D’; away from Fj,, the divisor D’ has no valuation. After
0, was fixed sufficiently small, these inequalities held simultaneously at every p < y. Above y,
every fixed or bank-base token was injected into a different withheld tail token with the same
complete signature. Thus, before any fractional solve,

D'By|T,,  By|Y:=T,/D.

This is the combined certificate (6.50); it is not obtained by multiplying separate divisors of Tj,.

Let A =]]gAg be the flexible lower candidates remaining after all declared guards. The
tangent stage supplies one total weight x, € [0, 1] for each a € A and the exact post-tangent
certificate

Z Tq =¢qs €7 for every flexible complete-signature row S, (10.2)
a€Ag
v(Bo) + Y zqv(a) = v(Y) at every prime. (10.3)
acA

These are precisely the equations in (9.32). In the trivial signature row, the integer in (10.2) is
qlex(d). Tt is the total flexible smooth-row quota from (8.3). The bridge-active quantity ¢*°*(d)
is a real mass and is not used as a rounding equation. Thus the distinction between the integer

total row and the real active normalization survives intact into the present argument.

112



10.1 Column-sparse floating rounding

The complete column family used below is
C:={Cp; : p prime, j > 1, P < M}, Cpj(a) == 1pijay- (10.4)

It is finite: necessarily p < M and 1 < j < |logy, M |. Because M < 3n for large n, a legal factor
belongs to at most

> vp(a) = Qa) <logya < d,
p
of these columns.

Lemma 10.1 (Floating rounding). Suppose a finite set A is partitioned into rows Ag, 0 < x4 < 1,
and Y ,c A4 Ta U8 an integer in every row. If every coordinate belongs to at most d members of a
finite family of zero-one columns, there are X, € {0,1} such that

Z X, = Z Tq for every S, (10.5)
a€Ag ac€As
Z (Xq —24)C(a)| < 4d for every column C. (10.6)
acA

Proof. Freeze every coordinate as soon as it becomes integral. At an intermediate stage let F'
be the set of strictly fractional coordinates and put m = |F|. A row meeting F' contains at least
two members of F: after the frozen integral coordinates in that row are removed, the sum of
the remaining coordinates is an integer, which one strictly fractional coordinate cannot supply.
Hence at most m/2 row equations are active.

Retain every active row equation and every column having more than 4d members of F'.
There are at most dm coordinate—column incidences, so fewer than m/4 column equations are
retained. The retained system is a finite real linear system and has rank less than 3m/4 < m. It
therefore has a nonzero null vector z = (24)qep. Its complete feasible movement interval is

I:={teR:0<uz,+tz, <1 forevery a € F}.

Because every z,, a € F, is strictly between zero and one, 0 is an interior point of I,. Since
z # 0, this is a bounded closed interval with two finite endpoints. Move to either endpoint.
Every retained equation is preserved and at least one additional coordinate reaches 0 or 1; it
is then frozen. Consequently the procedure stops after at most |.A| iterations with an integral
vector.

Row equations are never dropped, which proves (10.5). At the first stage when a column is
not retained, it has at most 4d fractional coordinates. Its value was preserved at every earlier
stage, and only those then-fractional coordinates can subsequently change. Each changes by at
most one, so its total change from the original vector is at most 4d. A column retained through
the last stage is preserved exactly. This proves (10.6). O

Apply the lemma to the complete-signature rows, with the prime-power columns (10.4) and
d = d,,. Define the rounded-minus-fractional valuation error

ep = Z(Xa — Zq)Up(a). (10.7)

acA

It is an integer. Indeed, by (10.3), >, zqvp(a) = vp(Y) — v,(Bo) is an integer, while the rounded

sum is also integral. Since
vp(a) = Z Cp,j(a),

j>1
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(10.6) gives

I
e < 4, [FEE] g, (10.8)

The complete-row equations do essential additional work. If P > y, then vp(a) = Sp is

constant on Ag; hence
ep = ZSP > (Xa—xa) =0 (10.9)
a€Ag

by (10.5). Thus e is supported on p < y and lies in the full universal box reserved in Section 5.

10.2 The guarded exactification lemma
For clarity, we isolate the exact hypotheses used in the last discrete step.
Proposition 10.2 (Guarded integral exactification). Assume the following.

1. The flexible candidates are partitioned by their complete signatures, all their row sums are
the integers in (10.2), and their fractional weights lie in [0, 1].

2. The fized factors, flexible candidates, both states of every bank path, donors, and external
anchors satisfy the joint guarding and distinctness conditions of Section 5.

3. The charged base is exactly (10.1), and the valuation certificate (10.3) holds after that
charge.

4. Every path satisfies the all-factor row identity (5.2); every base-state row token replaced a
distinct withheld donor token before the row quotas were frozen; and the resulting quotas
are nonnegative.

5. The bank is the two-sided B-universal reserve of Lemma 5.5.

Then there are X, € {0,1} and state indices ¢4 € {0,1}, g € B, such that, on putting

Gbank = |_| ngv

geB

the three sets Gy, Gggnk, and {a € A: X, = 1} are pairwise disjoint, the flexible row quotas
are preserved, and the product of their union is exactly Y .

Proof. Use Lemma 10.1. Equations (10.8)—(10.9) put the integer error e in the universal box.
Apply Lemma 5.3 to —e. It supplies a subcollection of whole paths to toggle. Set ¢, =1 exactly
for those paths and ¢4 = 0 otherwise. The operation is the state replacement

bank - |_| GO ~ bank - |_| G

geB geB

no bank factor is multiplied onto the already charged base. An untoggled path remains literally
in its base state, whereas a toggled path is replaced once, simultaneously in all of its components.
By universality and the definition of a path change,

0(Ghm) = V(Ghank) = Z {v(Gy) —v(GY)} = —e. (10.10)

Likewise, for every complete signature S,

ms(Ghma) — ms(Gham) = > Ams(GL) —ms(GI)} =0

gg=1
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by (5.2). Thus every fixed row token charged in the base remains one fixed row token after
exactification, and the flexible row equations preserved by floating rounding remain valid.

The rounded flexible change is +e, while (10.10) is —e. Starting with (10.3), their sum leaves
every prime valuation equal to v(Y'). Finally, both possible states of every path were jointly
guarded before the choice of the toggle subplan. Therefore an arbitrary subplan, including the
one just selected, is collision-free internally and disjoint from Ggy, the anchors, and all flexible
candidates. This proves both the product identity and the asserted distinctness. ]

No coordinatewise relative-interior hypothesis is used in this proof. Such interiority was
useful upstream in constructing the fractional point, but floating rounding and the universal
bank require only 0 < x, < 1, integer row sums, and the exact charged certificate.

10.3 The final residual set

Theorem 10.3 (Upper-bound construction). Fiz ¢ > Cy and put

M =2n+ ’76 " —‘ .
logn
For every sufficiently large n, there is a set of distinct integers
S C (n, M]

such that
H a=Q(n,M).

a€S

Proof. We first discharge, in order, the five hypotheses of Proposition 10.2.
(i) Proposition 9.3 gives 0 < z, < 1 and every integer complete-signature row sum.

(ii) The joint guarding required there is supplied by Lemmas 5.1 and 6.5, together with the
anchor avoidance in Lemma 5.2. In particular, donor occurrences are not separately
reinserted.

(iii) The charged base is exactly (10.1); the simultaneous combined charge is (6.50); and the
valuation identity after that charge is (10.3).

(iv) The donor-backed row-token construction in Section 5.5 gives nonnegative quotas (6.40),
and every complete path obeys the all-factor identity (5.2).

(v) The required two-sided box universality is precisely Lemma 5.3.

Thus there is no additional assumption at the final interface.
Take X, the state indices (g4), and Gggnk from Proposition 10.2, and define

Gres := Gpix U Gﬁgnk Uf{ae A: X, =1}.
The union is disjoint by that proposition. Since
v(Bo) = v(Gix) + v(Ghank)

and the rounded-minus-fractional convention (10.7) gives

> Xav(a) =D zqv(a) +e,

acA acA
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the state-replacement identity (10.10) and the exact post-tangent certificate give, at every prime,

U(H )_UBO + Y wev(a) te—e

aEGres acA
=v(Y).

Equality at every prime proves the integer identity
T,
H a=Y = 7/
a€Gres

The full central-anchor construction, with the guarded modifications of Section 5.4, gives a
set H' C (n,2n], disjoint from G,es, and

H a=C0C,D'
acH’
by (5.17). Every factor in Gy is legal and lies in (n, M]: this holds for Ggyx and the two bank
states by their construction and for the flexible set by the definition of A. Hence
S :=H UGres
consists of distinct integers in (n, M] and satisfies
T,
[[e=(C D)D, Cn T, = Q(n, M).
acS

d

To return to the original formulation, take the complement of the set in Theorem 10.3. Since
the product of all integers in (n, M| is M!/nl,

M!/n!
H a—M‘/ ()2 =nl.
n<a<M
a¢S

This is a product of distinct integers greater than n, all at most M = 2n + [en/logn|. Conse-
quently

f(n) < 2n + [c ] (c> Co)
for every sufficiently large n depending on c. Since ¢ > Cj was arbitrary,

Jimn sup (f(n) —2n)logn

n—o00 n

logn

< Cp.

Lemma 3.2 gives the reverse liminf. Together they prove Theorem 1.1.

A Numerical verification

The companion numerical verifier is the single human-readable file numerical_verifier.py,
distributed with this paper. It contains the complete 211-entry rational array used in Lemma 4.1
and certifies precisely the finite claims made there. More specifically, it verifies

e positivity, the allowed cofactor range, and every exact row sum;

e the prime factorization of every cofactor and every finite prime-load capacity inequality;
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o the finite-tail overlap inequalities for 201 < p < 401, together with the exact scalar
inequality used for the Nagura tail.

The program uses only Python’s standard library and Fraction arithmetic. It performs no
numerical search and makes no floating-point comparison. It therefore checks the finite certificate
exactly; it does not replace the analytic tail argument in Lemma 4.2 or any later analytic step
of the proof.
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